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1. The following result will be crucial when we start studying continuous functions. Suppose that
we have a function f : X → Y and that A ⊂ X and C ⊂ Y . We define the image of A as the
set

f(A) = {y ∈ Y | f(x) = y for some x ∈ A},
and the inverse image of C as the set

f−1(C) = {x ∈ X | f(x) ∈ C}.

Note that f need not be invertible function for f−1(C) to be defined! The following theorem
says that the set operations of union, intersection, and set difference generally ”behave well”
with images and inverse images, except in two cases.

Theorem: Suppose that f : X → Y is a function. Then

(a) If A,B ⊂ X, then f(A ∪B) = f(A) ∪ f(B).

(b) If A,B ⊂ X, then f(A ∩B) ⊂ f(A) ∩ f(B).

(c) If A,B ⊂ X, then f(A \B) ⊃ f(A) \ f(B).

(d) If C,D ⊂ Y , then f−1(C ∪D) = f−1(C) ∪ f−1(D).

(e) If C,D ⊂ Y , then f−1(C ∩D) = f−1(C) ∩ f−1(D).

(f) If C,D ⊂ Y , then f−1(C \D) = f−1(C) \ f−1(D).

Prove that the (b) and (c) of the theorem are true, and find a counterexample in each of these
two cases that shows we don’t always have equality.

2. Consider a metric space (S, ρ) and a point p ∈ S. Prove that {p} is a closed set in S. Conclude
that in every metric space, a set of the form {p1, p2, . . . , pn} is closed.

3. Write T for the closure of a set in an arbitrary metric space (S, ρ). Show that T is the smallest
closed set containing T .

4. For any subset T ⊂ R, recall the notions of the complement T c = R \ T and closure T . One
can form new sets from T by taking its complement, its closure, and then the complements and
closures of the new sets, and so on. What is the largest number of distinct sets which can be
obtained from a subset of R by taking successive complements and closures in this way? Be
creative in the sets you construct.

Example: For instance, if we start with the set T = [0,∞), taking successive com-
plements and closures we obtain the sets [0,∞), (−∞, 0), (−∞, 0], and (0,∞), for a
grand total of four distinct sets.

For your answer, simply write down the set T you have found and the family of distinct sets
that are generated from T in this way. You will receive full credit if you find T where this family
has at least ten members, although the actual maximum is in fact greater than ten.

Note: If you think you have found the largest number possible and you have some time to
spare, you can try to prove your result. Talk to me if you would like a hint, it is not impossibly
hard, but you have to think of the problem just the right way.


