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316 R. J. GLAUBER

A great deal of the work which has thus far been done on high-
energy collisions has consisted of more or less empirical studies of the
so-called "optical model.' This model, which has been introduced and
used more often on intuitive than on mathematical grounds, represents
an attempt to deal with the problem of elastic scattering alone. The op-
tical model removes from consideration particles which undergo inelastic
scatterings by pretending that they have been absorbed within the nucleus.
Of course any desire to discuss this effective absorption in a quantitative
way leads us back again to the question of treating inelastic processes.
Any mathematically comprehensive discussion of the optical model must
therefore be based on a unified treatment of elastic and inelastic transi-
tions. One of the favorable features of the approach to be described is
‘that it is unitary in this sense, and thereby allows a very simple insight
into the origin of the optical model. The model emerges as a rather nat-
ural way of describing the particular results obtained for elastic scatter-
ing, and these enable us to give an explicit construction of the optical
potential for a finite-sized nucleus. We shall use it to illustrate the way
in which the optical potential depends on the fluctuations and correlations
in the positions of the individual nucleons.

It may be appropriate, before beginning, to say a word about how
this work developed. The work on elastic scattering was done in 1952 in
connection with a problem which was of particular interest in electron
diffraction theory, It produced, in effect, an extension and generalization
of a method described by Moliérel in 1947, The remainer of the work,
on the treatment of nonstatic interactions accumulated slowly in the period
that followed. Unfortunately the material has been published only in frag-
ments and abstracts. Various of the unpublished results have beenquoted,
however, in a number of wm@mumwfm and so may be, to a degree, familiar.
Others of the results are of more recent date and have not previously been
published in any form. We shall try in these lectures to present the first
m<memd.5ﬁn approach to this work, to its methods and results.

Since not everyone may be too conversant with the mathematical
methods of scattering theory we shall begin with a general discussion of
the simple problem of elastic scattering by a static potential. Here we
shall review quite briefly some of the familiar methods of treating the
problem, and shall pay particular attention to certain very useful the-
orems regarding the scattering amplitudes. We shall then begin the de-
velopment of the high-energy approximation, and illustrate its application
to a succession of problems of gradually increasing complexity. Colli -
sions involving many-body systems will be dealt with in the last lectures.

Elastic Scattering (Formulation)

To begin with the simplest type of scattering problem, we shall
assume that the incident particles are deflected by a static force field
which is localized in range. The field may be represented by a poten-
tial V(¥) . We shall take the energy of the incident particle to
be
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E - \mnww (1)

where the symbol K will be used to represent the propagation vector of
the incident wave, Our problem is to solve the Schroedinger equation

(V1) (F) = SRVEGE , (2)

subject to the boundary condition that at large distances from the region
occupied by the potential the wave function has the asymptotic form

YF) ~ eF Ty T@ ckr e

i. e., the sum of the incident plane wave and an outgoing spherical wave
with scattering amplitude £(6). We choose the incident wave to have
unit density so that the incident flux is the incident velocity v. The flux
scattered through solid angle dfx is just

\$(@) 2 v rda

so that the corresponding differential element, dg , of the cross section
is given by

— Flux throvah 4O _ 2
do Incident Flux @1 d0. (4)

The problem, as we have stated it thus far, falls into two parts.
It is necessary to find functions which satisfy a partial differential equa-
tion and among these to choose the one satisfying an asymptotic boundary
condition. Now for many purposes it is useful to have a more unified
formulation of the problem, one which incorporates both the Schroedinger
equation and its boundary condition. Such a statement may be obtained by
means of an integral equation. As the first mﬁm@ in formulating an integral
equation we define the Green's function, G(¥,7") , as a solution of the

)
inhomogeneous wave equation

2 2 -~ 2m — - 5
(V23 GER) = 3R I(F-7). *
The similarity of this equation to the Poisson equation permits one to see

that the solution has the singularity {/\¥-¥/1 . The general solution may
easily be seen to be
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320 R. J. GLAUBER

:: b0 L R p e TS = 0.

or

The terms which contain the product of two plane waves may be seen,
when summed, to furnish a vanishing integral. The terms which contain
the product of two scattering amplitudes obviously cancel as well. The
only remaining contributions are from terms linear in the scattering am-
plitude. To demonstrate the method of deriving the identity, and inciden-
tally to introduce a procedure which will later be of use, it suffices to
discuss the first of these terms linear in f, which is of the form

+ JHE e Ner -k €57 (15)

.n/}
w<cﬁ.#gm\tnn0m?.ﬂ?mzawmwﬂhmﬁvombNNwBﬁmewdmmemmm.uoﬁﬁ
K, this integral may be written as i

r%:r m\xl_ .rrl\»lvn_\:n—,m.
This contains an integral of the general form
[ F ) eikrag (16)
| = _

If the function F is sufficiently smooth the asymptotic form of the latter
integral as r —> is easily evaluated. Integration by parts yields

Further integration by parts will only give terms involving higher powers

of (kr)-l, which for a large sphere, (kr>>| ) can all be dropped. There-

fore, we secure for the integral Eq. (15) the value

e dp fl - et e [T

wm=-l

The contribution of the limit &« =1, is seen to vanish. The limit « = -1

—

corresponds to r lying in the direction Tk. At this limit the exponential
reduces to unity and the azimuthal integration degenerates to the trivial
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contribution of a factor 2m. The integral Eq. (15) therefore reduces
asymptotically to

- = 2m R, -RY.

By evaluating the other integral of Eq. (14) in the same way we obtain
the relation

fl-k-17) =F(R/R) . (17)

That is, the scattering amplitudes for the sequences of propagation vec-
tors represented by the diagrams

i d - -k’
2 an i

are identically equal. The amwﬂﬁa mﬁ&odﬁ% expresses Swm dynamical

reversibility of the system.
Now suppose we have a Huoﬁmdﬁww /:l which is invariant under

inversion through the origin; i. e.,

VE) = VEF) . (18)

This is a symmetry relation which must also be reflected by a property
of the scattering amplitude. In fact the physical situation remains un-

changed if all momenta as well as coordinates are inverted, so that the
scattering amplitude must have the symmetry

Fk1R) = FLREK). (19)

Now combining this telation with the reversibility identity, Eq. (17) we
obtain

PlkR) =£(k, k) (20)

i. e., the scattering amplitude is the same for the diagram
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>

: 2
YV ~ BV W = TV () Yo e (26) [# (k) > 0.

which by the same methods we used earlier leads to the identity: Partial Wave Expansion

| T. The most familiar approach to scattering problems is based on an
|\|m FLW. - W. qiw = \. (= 1= T : expansion of the unknown wave function in sperical harmonics. We shall
2t .mm ’ q m A n_A v #Iﬂﬂ *u QAJT :n«rfrvﬂbﬁ | only give the briefest of outlines of this method in order that it may be
(27) v compared with procedures to be developed later. Further details are

widely available in the literature.

When a scattering potential has axial symmetry about the propa-
gation direction of an incident wave, the wave function may be expanded
in the series

— 0., [TV ) e dF,

Again to secure an interpretation of this identity for the case K= K’
it is instructive to consider the divergence of the particle current vector.
In the presence of a complex potential the current is no longer divergence-
less. Instead, we have

b (r) = MN m%ramﬁ\g (31)

qﬂ_} _ W»AHE/\V_ r_\r»_wu . (28) | where Hu:\t.v wm.ﬁuo N..»W Legendre HX.L«QOH&NH with me_.Edm.nﬁ \anomc&/ﬂu.
| This expansion is particularly convenient for central potentials since the
conservation of orbital angular momentum causes the Schroedinger equa-
so that, for example, at a point at which TmV<O , particles are being tion to reduce to a succession of uncoupled ordinary differential equations
absorbed at a rate proportional to their local density. Since the incident for the radial functions g, .
beam has unit density we may introduce an absorption cross section Oabs. It is easily shown that at large distances from the scattering poten-
for ﬁum.woﬁ.mnﬁmw by saying that the total rate at which particles are dis- tial the functions q,(kr) are simple superpositions of incoming and out-
appearing is V0abs,: going spherical waves. The asymptotic forms of these functions may be
. w 5 written as
Vo, = —JVJdF = ||,m|%ﬁ3<v_f~_a«. (29) | ,

9;3 \(-mmm.ﬂ__w MA N'e |;2. m,;mlﬁ.w GB

For K =K', the identity Eq. (27) may now be written in the form
of a generalized ''optical theorem, "

Ttk k)

) where the coefficients have been chosen so that C;=1 when the scattering
F Q. BHC\O\ potential vanishes, and
nnﬁ? ab

(30) (IEF

° LKXATV .“ e " .

The deviations of the coefficients C; from unity furnish a description of
the effect of the potential on the outgoing wave, i. e., the scattering.
The asymptotic form of the entire wave function is evidently given

Kk
N..m‘AO\mSn. nrm/vl Z11 Otot.

This simply states that the attenuation of the incident beam by interfer-

ence is accounted for by the particles absorbed in addition to those scat-
tered. In particular this relation shows clearly that absorption is always
accompanied by scattering, at least in the forward direction, i. e., !
Cabs, > O implies

\UV\

Imf(RK)>O, W () - etF T MP (211G _5€

from which it follows that

-
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328 R. J. GLAUBER

Va

R <. (40)

Unfortunately, this condition is virtually never fulfilled in nuclear
collisions, The problems to which it may safely be applied are usually
those involving the electromagnetic interactions of fast charged particles
with other particles of charge, say,

Z =10,

Another approximation, the W. K. B. method, corresponds to the
classical limit of quantum mechanics. We assume the potential to be
smooth enough that the distance over which it changes its value appreci-
ably is large compared to the wavelength, i. e., ka> | ., Now if the
kinetic energy of the incident particles is large enough, the scattering
will be heavily concentrated at small angles. To see this, we will sup-

pose that © is a typical scattering angle. Then as an order of magnitude
approximation we may write

~ &p
o~ &p

where p is the original momentum and Aap is the change of momentum.
Hence € is given roughly by

o ~ Jrdt
where F is the force acting on the particle. The Hmpmmnﬁﬁam of the force
is

_u\(/\

a

Now the time taken by the particle in cros sing the potential is approxi -
mately

t=[dt ~ &

so that

®\/\WM\\/\I/M\. ’ (41) -

which, shows as one might expect, that at sufficiently high energies the

-
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scattering takes place predominantly through mawﬁ angles.

Now the problem, of course, is not a classical but a ncm.u.pﬁﬁdm
mechanical one. When a particle is Wboﬁﬁ. to pass ﬂWHoc.mH.H a Hmmos M
dimension a the transverse component of its momentum is rendere

uncertain to the extent

op a
The angle through which it is scattered is therefore rendered uncertain
to the extent

56 ~ L.
ap
The situation is a semi-classical one only in the limit in iw.ﬁow m.vm.n.ﬁn.wmw
trajectories become uniquely defined, in particular in the limit in whic
the uncertainty in the scattering angle becomes much smaller than the
scattering angle itself

<D
B ~L P>

Va 5 (42)
Eopg VV. b

Thus the region of applicability of the W. K. B. .Hbmmpo& does H.&un
overlap that of the Born approximation at all, We have in fact a consid-

erable gap of values of

Va
v

to which neither method applies. (A unique mNomHuSo.n to this mﬁwﬁmamumu
must be made, however, for the case of one-dimensional problems.
these the scattering angle is either 0 or T and ﬁu.m argument used to
derive Eq. (42) no longer applies. In one dimension the W. K. B. ap-
proximation may be accurate for arbitrary values of

Va
v .

Since a certain ambiguity of terminology regarding the <<« mA B.
method is prevalent, it may be of help to spend a moment considering the
approximation explicitly. We write the wave function in the form

3
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332 R. J. GLAUBER

To begin the development at the simplest possible point, and one
that will later prove quite useful, we shall consider a one-dimensional
scattering problem. Of course it is necessary to bear in mind a very
special property of scattering problems in one dimension. The scatter -
ing process can take place in only two directions, either preserving the
sense of motion of the particle or sending it directly backward. There
are no compromises., While this makes the problem a trifle unrealistic,
it has the advantage of making it mathematically more transparent.

The Schroedinger equation in one dimension is

(S5~ k)46 = EBVGIWG . (49

Now we shall assume that the energy of the incident particle greatly ex-
ceeds the magnitude of the potential \/(x), and is also large enough that
the particle wavelength is much smaller than the potential width a

/lm << ) ka >>1 . (50)

2

(In order of magnitude relations such as this the symbol V is to be inter-
preted as a measure of the absolute magnitude of the potential.) Under
these conditions we are justified in as suming that back-scattering will

be very weak, that the wave function of the particle may to a good approx-
imation be written in the form

Yoo = eRX Py (51)

where ¥(x) is a function which varies slowly over a particle wavelength.
Substituting into the Schroedinger equation, we secure

(2ik %+ 22) 000 = BV 06 (52)

Now our approximation consists in dropping the °
Q.P
dx*

term since we assume ¥ varies slowly in a wavelength. In that case the
equation reduces to

&= -5 Ve e
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Now if Eq. (51) is to reduce to the incident plane wave at x=- oo (i. e.,
back-scattering is neglected) we require as a boundary condition P(-e)=1,
Thus we secure

Cex
Cix) = @#LK?\E& (54)
and
P (x) = m_..rxl\mmﬂ\.wﬁxix (55)

Note that if the exponential, ¥Y(x), were expanded in a power
series, the successive terms would represent those of the Born approx-
imation series, In this way, we may verify directly that the expansion
parameter of the series is

Va/hv.

The mvvwoxwgwﬂwn we have just described may be derived in an-
other way which is also fairly instructive. Here we begin with the one-
dimensional version of the integral equation for scattering

4 =™ 4 G lx-x )WV (x) dx. (56)
The one-dimensional Green's function we require may be expressed as

oo IN(x=x1

Clx) = = Hp [ e, o

where the outgoing wave boundary condition for G requires that we take
the limit of this expression as €>0 through positive values. The result

is simply

L _ik]x-x]
Gx-x)= !wmldmﬁ e (58)

We again express ¢ (x) in the form

Yoo = e e
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336 R. J. GLAUBER

a form which possesses sufficient generality that the functions ¥, and
Y. both need only vary slowly within a wavelength., There are various
ways of writing equations for the determination of ¥y . One method is
to construct a pair of coupled integral equations equivalent to Eq. (56).
A much simpler procedure, however, is to write a pair of coupled first
order differential equations equivalent to the Schroedinger equation,

dh - L V0800 — 5 e PR VRIB W (6

A0 =L Ve + £ 2 VRg 6 . e

The second order equation for ¥ (x) to which these reduce is precisely
the wave Eq. (49). The boundary conditions on ¥y may be seen from
the form of the expression Eq. (63) for w(x). Since a plane wave is
incident from -co we choose

(- oov

and since there can be no back-scattered wave present at +00, we choose

£ ()

The amplitude for back-scattering may then be defined to be

Y- (- )

If back-scattering is neglected, i.e., Y. is assumed to vanish
as a first approximation, Eq. (64) reduces to the form, Eg.(53), con-
sidered earlier. Since the back-scattering is nvNHwnﬁmemﬁoqu quite
weak under the conditions Eq. (50), an expansion begun in this way must
converge rapidly. We may therefore use an iteration procedure in the
solution, writing ¥y in the form

:
Y= P ° /%8

(66)
m“rmulgl_-/abiﬁvvl*....

where the numerical indices indicate the number of iterations required
to reach that particular term, i. e., we begin with

/,m.@AXu

given by Eq. (54), substitute this in Eq. (65), solve for
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2 x)

then use this in Eq. (64), and so on.
The first approximation to the back-scattering amplitude is found
to be -

2 ’ /
Vb..:vm..oo \MC‘\@N%X /\O&Q ﬁ..w\/\mxvn_x dx . (67)

If the potential V is as mﬂbooﬁ.r as assumed, and

V
mAA_

this is indeed quite small., The higher terms in the expansions of the
forward and backward amplitudes introduce corrections which are of
order V/E and 1/ka relative to Eq. (54) and Eq. (67).

)

The High-Energy Approximation in Three Dimensions

Three -dimensional problems are, of course, the ones that inter-
est us most. We shall try to develop a means of treating these that stays
as close as possible in spirit to the one-dimensional procedure just de-
scribed. The integral equation in three dimensions is

4,(7) = - 2 [eB ) g, ()

Here again we separate the wave function into the product of the incident
plane wave and a factor which modulates it

b7 = R v (ee)
and obtain the equation for ¥

m;_m.ﬂ\_u%.mm.
VQ\T.VH_IA*::T.N\ _TI\_

We now define a new position variable 7% by

Ve e de, 9

— —_ -,

F'=T-F7,

so that the above equation becomes
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340 R. J. GLAUBER

is one in which, as we have noted earlier, the scattering is heavily con-
centrated at small angles. It is, in fact, very unlikely that in traversing
the potential the particle will be deflected greatly from its initial direc-
tion K. If we were to treat the problem in momentum space, we could
secure an approximation to the wave function by expanding its momentum
dependence about the value K. An equivalent procedure may be based on
the expansion of the momentum space dependence of the Green's function
about the point K, i. e., in the problem in question only values of X near
K in the integrand of Eq. (75) will play roles of any importance. We may
therefore write

N=K=+n

in the integrand, retaining the first power of n and expanding higher pow-
ers. When this reduced form of the Green's function is substituted into
the usual three-dimensional integral equation, the equation simplifies once
more to the form (72).

This second form of the approximation, although a bit more cum-
bersome than the first, brings out a certain limitation of the approach
more clearly. The approximate wave function, Eq. (74), is only adequate
for the treatment of small-angle scattering. It does not contain, in gen-
eral, a correct estimate of the Fourier amplitudes corresponding tolarge
momentum transfer. In fact, quantitatively, the limitation on scattering
angles may be shown to be given roughly by

O%kd << | (76)

where d is again the distance within which V¢ varies. Although this
limitation is a strong one, we shall see that it is nevertheless consistent
with an accurate representation of the total scattered intensity.

In order to evaluate the scattering amplitude, it will be convenient
to define certain coordinate vectors. Let R be a unit vector, :

|K)
pointing in the incident propagation direction K which, as before, will

also be taken to determine the positive z-axis. Then any position vector

s

¥ may be resolved into two components.
N _ ~ o
Fr=06+Kz, (77)

where B is a vector lying in a plane perpendicular to K (see Fig. 1).
With this notation, ¥(F) as given by Eq. (74) may be written
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POTENTIAL

PLANE WAVE
Fig. 1

Here, if the potential is centered at the origin, the distance b =|§| evi-
dently has the interpretation of an impact parameter.

Now, substituting the above wave function into the expression Eq.
(11) for the scattering amplitude, we secure

(k) = - 29, [0 7P )L~ 15 LB R g, £

where d®b  denotes integration over the plane of impact vectors. This
can be written as

H V(g€ Adz’

F(k) = -2, [N (B RDy . )b cad"p (7

Now, energy conservation requires 1K’|=|Kl so that for small scattering
angles the vector K-K’ is nearly perpendicular to K. In fact, the error
of approximating the exponential

explLi(k-k) k2]
by unity is only of order

(1- cos@)kd ~B6%kd
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344 R. J. GLAUBER

Va /hv < |

this means the approximation is only consistent for angles smaller than
an angle of order of magnitude

| /Vka |
o <O(fF) fr (<) @

Va/hv > |

on the other hand, the limitation is

e < OQMm\r V Mp,q > Q ) (86)

Both of these, according to our assumptions Eq. (84), are indeed small
angles. However, it is quite important to note that nearly all of the scat-

tered intensity is concentrated, in both cases, at angles which are much
smaller still, i. e., for

hence

For

Va /hv <1
Wﬁ wm. clear from the Born approximation that an average angle of scatter-
ing is
_ V.
~ Q. .
<& ka > A P S _u : (e7)

while for

Va/hv > |

the argument given in connection with the W. K. B. method (see relation
(41)) shows

<8y~ ¥ (Ye>1). e

In both extremes the typical scattering angles are well within the angular
range of the approximation. These inequalities have a most important
consequence. They allow the approximation to furnish satisfactory esti-
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mates of total cross sections in spite of its limited angular range. We
shall presently demonstrate the self-consistency of this feature of the
high-energy approximation by showing that its expression for the small-
angle scattering amplitude obeys the optical theorem.

While the approximation we have been discussing is limited in
application to small-angle scattering, there is a simple way in which its
angular range may be increased somewhat. This corresponds to remov-
ing an artificial asymmetry which we have allowed to creep into the deri-
vation of the approximate expression for the scattering amplitude. In
the foregoing derivation the incident propagation vector K played a unique
role in the determination of the approximate wave function while the final
propagation vector K’ appeared only in a plane wave factor. Now the
scattering amplitude always has a certain symmetry under the interchange
of these two vectors. The most general such symmetry is that under vel-
ocity reversal which we noted earlier, in Eq. (17). It is a simple matter
to find a formulation of the scattering amplitude, which has the advantage
over Eq. (11) of being more manifestly symmetric under velocity rever-
sal. We shall not go into the details of the altered derivation since, to
a large degree, they resemble those we have just discussed. Suffice it
to say, that the only change required in the result Eq. (80) for the scat-
tering amplitude is a slight shift in the direction of the unit vector R.
Instead of choosing R to lie in the incident direction, we choose it to lie
half -way between the incident and final directions, i. e., we choose

>uﬁv+_M\
K= Eren 7

The revised approximation thus represents a wave scattered from
a direction K to a direction K’ as undergoing, in travelling through a
potential, phase shifts which are appropriate to a path deflected through
half the final scattering angle, (see Fig. 2). This is evidently a crude
correction for some of the bending of particle paths that takes place within
the potential. The determination of R by means of Eq. (89) actually sim-
plifies the evaluation of the integral Eq. (80) for the scattering amplitude
since, as long as energy is conserved, R is then perpendicular to K-K’
i. e.,

(R-E)(k+R) = k*— K* = o (90)

With this alteration, the scattering amplitude for an axially symmetric
potential becomes

£(8) = Ivm.houowﬁmrvwsmvmﬂ;?vl@ _um:uV (91)
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348 R. J. GLAUBER

Hence for X real, i. e., in the absence of absorption, we have

Qmm&. = 2J(1- Re & XN g | (97)

which indeed agrees with the expression Eq. (92) obtained from the con-
servation theorem. It is a simple matter to extend the foregoing proof
to include the cases K’# I& of the unitarity theorem Eq. (22), as long as
£ and K’ lie close together in direction. Furthermore the proof may be
improved considerably in accuracy by the introduction of a more precise
means of carrying out the angular integration. That can be accomplished
by taking the angular dependence of amplitude (91) quite literally and
making use of the orthogonality relations for Bessel functions in evaluat-
ing the integral, Eq. (93).

As a by-product of the foregoing analysis we may derive an ex -
pression for the absorption cross section which is present if th Phase
shifts are complex. We have only to subtract expression Eq. Am\ﬁ for
the scattering cross section from Eq. (92) for the total cross section;

Ql.fm. = QMO# - Omnni

= [(1 - 1eX 1) a) se

Relation of the High-Energy Approximation to Other Methods

It may improve our perspective a bit to show how the approxima-
tion we have been discussing is related to the various approaches men -
tioned earlier. The correspondence of the method with the Born approx-
imation approach, has already been indicated., The power series
expansion of

exp LiX(B)]
on which the correspondence is based is only useful for

Va [k << |,

The W. K. B. limit,

Valfhv >,

is also implicitly contained in the approximation. In this limit the phase
shift function is large in absolute magnitude compared with unity, so that
the function

expLiX(5)]
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oscillates rapidly, Now for any particular direction of scattering we must
integrate the expression

wxvm i(k-RY-B+iX (k)]

over the bB-plane. Now in the classical limit this expression will oscil-
late so rapidly that the only appreciable contributions to the integral will
come from the points of stationary phase. These, by symmetry, must
lie in the plane containing K and K’, It is easy to verify that these sta-
tionary points represent just the classical impact vectors of particles
scattered in the direction K’. For the simpler choices of scattering po-
tential there is usually only one stationary point for each K’; but there
are, of course, potentials for which more than one classical path is pos-
sible and others for which there is none for scattering in certain direc-
tions. It is an elementary matter to integrate the expression for the
scattering amplitude using the method of stationary phase. The result,
at small angles, agrees with the W. K. B. approximation.

The correspondence of the high-energy approximation with the
partial wave expansion becomes clear on comparing the expressions, Eq.
(96) and Eq. (35), for the scattering cross sections. In the high-energy
approximation the summation over angular momenta is replaced by an
integration over impact vectors. If we adopt the asymptotic correspond-
ence

kb =—1+4% (99)

2

the summation and integration become identical in form. The coefficients
2id,
h,\N = L
must then be identified with the factors
(X (b)
e ST,
so that we have the correspondence
14 | ‘
X(=F) —— 24, . (100)

These correspondences may be illustrated, for example, with the ab-
sorption cross section Eq. (37)

T @I 1-124)) — L /2Kkbkdb (1= P))
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352 R. J. GLAUBER

since the only nonzero contribution to the integral comes from the shadow

region, b<a. For the same reason we have .

e = (1= | [ = 7 | o

Top = 2J(1-Re &X)d® = 2 ra? . (108)

The latter result is just twice the classical absorption cross section.
The small-angle scattering, i. e., the intensity diffracted about the edges
of the sphere, is of course, the non-classical effect responsible for the
factor of two. Note that nothing essential in the discussion above rests .
on the choice of spherical shape of the potential. The scattering cross
section will equal the absorption cross section for an opaque potential of
any shape whose dimensions are large compared with the €w<m~mbmﬁ.~.

As a somewhat more general example let us consider the case of
a square potential well of radius a;

\V/ r<a ’
ViR = A// N ? {109)
O , r>a . :

1

The phase shift function is then
N/\O 2 2
— L Vi Qaz-
b va=-bv* | b <a
O , b>a .

In this case there is no longer any elementary way of carrying out the
impact parameter integration to find the angular dependence of the scat-
tering amplitude., The wﬁﬁmWHmH is best treated by means of a series ex-
pansion, due to I, Shapiro, ° which is a bit too lengthy to present here,
The integration required to find the amplitude for scattering in the for-
ward direction, however, may easily be carried out in closed form, and
from the imaginary part of this amplitude we secure emn expression for the
total cross section,

In terms of the parameter

xX(b) =

{110)

o= /mvw (\, real) (111)

the ratio of the total scattering cross section to the geometrical cross
section may be written as
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O;m&.l LIu\NllhOme ,v :Nv.
=5t = 2 + o e (P50 ¢ osnex ) o

A plot of

Ttot \ Ta®

versus o« is shown in Fig. 4. It is of particular interest to note the
limiting values

2
Ot _ 2o for o< (113)

2
ma 2 as o—> 0

FIRST BORN APPROX.

Fig. 4

The first of these is the Born approximation. The ratio 2 which appears
in the limit

/\oo,\\wrd. —> o _

is due to the contributions of two different types of scattering. Particles
may be scattered either by penetrating the sphere and suffering relatively
large deflections
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356 R. J. GLAUBER

incoming wave is appreciably distorted in phase at large distances from
the center of force. The only consistent way to treat scattering by afield
which decreases so slowly would be to take this distortion into account.

Now in actual practice, scattering experiments virtually never
involve Coulomb fields which decrease so very slowly. It is almost al-
ways possible to say that the charge in question is neutralized within a
certain distance by surrounding charges of opposite sign. Usually this
distance is quite small compared with laboratory dimensions, and it is
often large compared with the particle wavelengths. This is typicallythe
case, for example, in nuclear scattering experiments, where the distance
in question is simply the atomic radius. Now in such cases, the difficulty
noted above is no longer present. The field falls off rapidly enough with
distance to permit an elementary application of the approximation method.

The screened Coulomb potential, we may assume, can be written
in the form

V() = £8° F(D (117)

where
F(r)— O
as
r —— OO
a property which insures the convergence of the integral for X(b). In

order to secure a simple illustration we may consider the particular
choice

b, r<a :
F(r) = (118)
O, r>a

2

which leads to the phase shift function N

M= R

O ,b>a

The scattering amplitude which we wish to calculate is given by
the expression

X(b) =

(119)

(o) = ..W. Mom.ommrv stn ®\Nvmm§§| @ bdb. (91)
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The integral required is not an elementary one, but it may be simplified
appreciably by considering the limit of large screening radii,

‘ ka — oo.

This limit, in fact, represents well the situation which prevails in most
nuclear scattering problems, where ka usually exceeds 105. Now it is -
easy to see that in such cases the effect of the screening on the scattered
intensity is virtually imperceptible. The screening affects particles
whose impact parameters exceed the radius a, and so alters the scat -
tered intensity only at the unobservably small angles,

o ~ llka.

Particles which are deflected to angles appreciably larger than this are
ones which have suffered close encounters with the Coulomb field. We
should therefore expect the Rutherford formula to hold for the intensity
at angles

6 > | /ka,

and we shall try to show that this is so.
To carry out the integration for the scattering amplitude, it helps
to note that the integral

7T, (2kb sin0/2)bdb= 2 [l =K 7By

is simply a two dimensional delta-function which vanishes for R%K .
Hence for angles 8#0 we need only calculate the integral

£(6) = & [T (2kbsinol2)e™Pbdb, (820). a2

Now, because of the way in which the Bessel function oscillates, .25 most
significant contributions to this integral will come from the region

b~ 1/ke.
In this region we have

b/a ~ I/ka®.
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360 R. J. GLAUBER

We shall suppose that the incident particle has spin 1/2,
and shall represent its angular momentum vector (in units of f) by

interactions.

where & 1is the familiar Pauli spin vector
24, ij -

The orbital angular momentum of the particle (in units of - ) is repre-
sented by the operator

GG * g0 =

— )

L ==

A particular form of nuclear interaction which possesses all of
the required invariances and is both spin and velocity dependent may be
obtained by multiplying the scalar product &-L° by any spherically sym-
metric function of position. More generally we may consider an inter-
action made up of a central potential V.(r) and a spin-orbit potential

@L)Vs(P)

(FxP).

V() = V(r) + Ve(ng-I=

The treatment of this woﬁmdﬁm&: will be of use to us both to illustrate
the method and to serve, at a later point, as a means of identifying the
spin-orbit potential which is effective in the many-body problem.

In order to generalize the approximation to include the spin vari-
able, we shall write the wave function in the form

$ (F) = e Ty, (126)

a2

where ; is a two -oogﬁobm_ﬂa spinor representing the initial state of the
particle, and ¥P(F) is an operator which induces the appropriate change
of spin state. By making the approximations described earlier, and fur-
ther assuming

2>

I\4I/E <<

the equation mmﬁmwbﬂbwbm P(F) may be reduced once again to the form Eq.

(72). 1Its solution is

(125) .

f
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\ {Ve(5+R2")+Vs(B+R2)T-(BxK )k} d 2’ (127)

?P(F) = .

Again by a procedure of the type described earlier we may use
the expression for ¥Y(¥) to derive the scattering amplitude,

._”CA;A,VI \ i(k- K’)- _u*“ i X, Duv.l.Huﬁmvmam.xﬂalvrl@ms_u. (128)

2mi

Here X, and Xg are the phase shifts
1

(129)

XdB) = - Rz, X ()=, [l Redaz

Now the exponential containing the spin operator in the integrand
of Eq. (128) is considerably simpler in structure than it may appear.
In mmmn. any function whatever of @ must reduce to a linear function. In
the above case the reduction is easily verified by using the anticommuta-
tion rule to simplify the power series expansion. The scattering ampli-
tude may then be written in the form

F(K k) \m kR Blrm) +i ?w. e}, 30
where [ and [ are the axially symmetric functions

0E) = | = eX®eoslkb X (5)) (13

;.M:UHmeXn@m.—:hrvaAmm (132)

The scattering amplitude we are constructing is to be regarded
as an operator which transforms the initial spin state of the particle into
its final state, As such, the most general form it can take is

+(kk) + (T

where 4 and g are spin-independent amplitudes and n is a unit vector
perpendicular to the plane of scattering,

(133)

£ 00 K) gk, k)
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364 R. J. GLAUBER

This equation is easily reduced to a form similar to Eq. (53) by
introducing as an independent variable the quantity s=t-x/v, and using it to
replace t. We shall assume that a steady plane wave is incident, which
originates at x =-o00. Since the approximation neglects reflection, the
boundary condition on ¥ is ¥Y(-wot)=) for allt., The solution to Eq. (142)
which applies in this case is :

? \ V(xt %5) dx’ 143)

2

¥ix,t) =

i.e.,in integrating the potential to find the shift of phase of the wave func-
tion, the potential must be evaluated for each point at the time correspond-
ing to the passage of the particle.

Since the function ¥ is explicitly time -dependent the wave function
Y(xt) will no longer depend on time simply as expl-{wt]. The introduc-
tion of other Fourier components into the time dependence means that
particles are scattered inelastically, It also implies certain restrictions
on the validity of the approximation (143) which must be added to those
discussed earlier.

The approximation is consistently one which assumes that the mo-
mentum change of the incident particle is small. When inelastic scatter-
ing is present it must be assumed that the change in the absolute value of
the momentum is small (as well as any change in direction that may take
place in three dimensions). Hence the approximation is only valid for
scattering which is not too strongly inelastic, AE/E << | . For this reason
we must restrict consideration to fields V (x,t) whose dominant frequen-
cies are much smaller than w.

It is also of interest to'generalize the approximation to the case in
which the values of the interaction operator fail to commute at the differ-
ent points along a trajectory. This would be the case, for example, for a
particle traversing a region nodﬁwuwpbm a quantized field. The solution for
Y (x,t) in such a case is

<A - ) dy |
POt) = Xt Ty (144)

2

where the ordering bracket refers, as before, to the variable x’ . This
expression is of use more generally; e. g. in considering collisions in
which the target possesses internal degrees of freedom.

Scattering by a Bound Particle

The target particles in actual scattering experiments are always
free to move about, to a certain degree, and to absorb recoil momentum.
In nuclear and atomic experiments they are usually in a bound state of
‘some sort initially, i.e., confined to the interior of a nucleus or molecule,
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and may make transitions under the impact of the incident particle to
states which are either free or bound. The approximation procedure we
have been describing can be extended in a natural way to treat suchprob-
lems. To illustrate this generalization we shall consider a one-dimen-
sional problem which may be described as follows:

The target particle has coordinate q. Its Hamiltonian, H(q), has
mwmmﬁewwﬁmm €] which correspond to eigenstates Uj . It will be convenient
to assume that at least one of these states, which we take to be the initial
state y;, is bound, and confines the particle to the neighborhood of the
origin., The incident particle is described by the coordinate x, and is
assumed to interact with the target particle via the potential V(x-q). We
shall assume that this potential satisfies the conditions for the high-ener-
gy approximation noted earlier.

In treating this problem, there is a certain formal convenience in
being able to discuss separately the behavior of the incident and target
particles. A procedure which allows this, in a measure, may be based
on the time -dependent form of the Schroedinger equation. If we let Q.
represent the time -dependent state of the system, this equation is

\_“,.N z w (145)
~E L Ve QA =ik

Now let us assume that the dynamics of the unperturbed target particle
are sufficiently well understood that its motion may be des cribed in terms
of time -dependent operators, i.e., via the Heisenberg picture. To se-
cure such a description we remove from the state vector £o. the time de-
pendence induced by the Hamiltonian H(q), i.e., we introduce the state

¢ by means of the relation

- H@t/ ‘
0N =e i o (146)

Substituting this into the Schroedinger equation, we secure

J&xw te <Ax-@pm T =ih wwn.ngnu . (147)

We now define the time -dependent coordinate operator,

iH@)t/h -(H@Qt/ (148)
&\AS = e @\ e )

Since the variables x and q commute, the Schroedinger equation reduces
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368 R. J. GLAUBER

angle of scattering be small, is one of the assumptions already underlying
the high-energy approximation. The calculations of the earlier sections

assure us that at sufficiently high-energies nearly all of the scattering will
take place through small angles. The recoil momenta of the target parti-
cles will therefore be small and their energies quite small compared to E,

The effects of neglecting the time dependence of q(t) may be seen
in somewhat more detail in the expression (155). The exponential time
dependence of Eq. (155) indicates the energy of theNncident particle. One
effect of neglecting the time dependence of q(t) is the neglect of the energy
increment, € - €, of the incident particle. This assumption, which is
exact for elastic scattering, remains an accurate approximation for final
states u; which correspond to fairly inelastic collisions. The second con-
sequence of dropping the time dependence of q(t) lies in the neglect of what
we may describe as a retardation effect, i.e., in Eq. (152) the operator
q is evaluated at a time at which the incident particle is at x/, assuming
that it reaches x at time t. The argument of q which occurs in Eq. (152)
is simplified to the form *%r by the unitary transformation (154). The
physical significance of this argument may be seen by considering the
function <Ax~.@?m: in its dependence upon the integration variable x’. If,
for example, the target particle is moving in the same direction as the
incident particle the effect of the x'-dependence of Q.mﬁ\i is to increase
the interval of the variable x' over which the interaction V extends. This
dependence corrects for the fact that the velocity of the incident particle
with respect to the target particle is different from its velocity in the lab-
oratory system. Neglect of the retardation effect therefore requires that
the velocity of the target particle be small compared to the velocity of the
incident particle,

The neglect of retardation, of course, greatly simplifies the ex-
pression (155). Approximation of g (*%) by q(6)=q. means that the time
ordering brackets may be removed and the expression between them re -
garded as a simple exponential. By neglecting the energy differences
€;~ €s as a part of the same approximation we find

n.m%.\ \mﬁxn g)dx’

(156)
Us, u)

((kx-wt)
(ug, Ten) = € C

This result could, of course, have been derived in fewer steps by neg-
lecting H(q) at an earlier stage of the argument. It is of some interest,
however, to see the separation, as in Eq. (155), of the two conditions
that the approximation hold, namely that the energy ratio lei-e¢l/E
and the ratio of the target and incident particle velocities both be much
smaller than unity. The general expression (155) may be used to con-
struct an expansion in powers of these parameters whose initial term is
(156). We shall not derive these corrections here.

The foregoing calculations may be generalized directly to treat
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three dimensional scattering problems. The approximation analogous to
Eq. (156) for the time independent wave function in three dimensions is

clearly
L . z
- 7 VE+RZ-g)dz (157)
(K7 — hvi 9
J.m.r» A.«....mx..u = C ) w\«.hm@su .
To describe a collision we must specify the initial and final mﬁwmmm: i and
f, of the target particle as well as the initial and final propagation vec-
tors, k and XK', of the incident particle. The corresponding mnwﬂnmﬂ.uﬁm
amplitude will be written as Fg;(K}K) . An exact expression for Sﬁ.m
amplitude may be constructed in terms of the <wwumm1.0m the two |NNH§.0H0
wave function within the range of the potential V(T -7q). The derivation

is very similar to that of the expression Eq. (11) for the mwbm«m particle
w,gvﬁecmm. and the result forms an obvious generalization of it,

_H..:AFV_AV ) (158)

- Je R Vg B, (FR)dRdg

When the approximate wave function Eq. (157) is substituted in this
expression, the integration over the coordinate z may be oww.nwo.w out pre-
cisely as in Egs. (79) and (80). The result of this integration may be
written in the form

Fa(k k) =
(159)
((Je-K)B [ wm [ X(B-3)_ 1) 2y g 4D
M.wm‘.m\‘mzr k) _u\\ﬁn@ﬁmﬁ > Dﬁ%ﬁnﬁ.& b.

Here the coordinate § represents the component of § perpendicular to
the propagation direction K,

3 u@l%iw.mwv ) (160)

and the phase shift function X is given by

ummm.-w.vnlﬂ_ﬂﬁ.\aﬂzut..w. +R2)dz. (161) |
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372 ) R. J. GLAUBER

. An expression for the purely inelastic part of the total cross sec-
tion may be obtained by subtracting the elastic cRoss section oy , as
given by Eq. (163), from the expression (165) for Ty . In this way we
obtain '

Omelast. = w.p. (ery;

\AET *H.:F.@:N_mwx?‘an__w&@l_\_.:_.Aob_m_Hmh.x?-b-umn«_ww .

= [d9 ﬁ_iﬂ_m |l ® g - | finyq)12 mi?-&mimw.

If the phase shift function is real this expression reduces to

Onelast, \n_ET T#\E%ﬁ?&%?-&&ﬁﬁw i (169)

It is a bit premature to discuss the conditions under which the
phase shift function may take on complex values, but it is worth mention-
ing that this may ,Um. the case when the interactions we have considered are
not sufficient to describe the physical situation in all detail. If other in-
teractions are present which lead to transitions of a type not accounted for
above (e.g., meson production or particle-antiparticle annihilation), the
phase shifts for simple scattering processes will in general be complex.
Transitions in which particle numbers are not conserved have been omit-
ted from the analysis, but the effect of their existence on the transitions
which do conserve particle numbers will be felt through the alteration of
the phase shift functions.

Scattering by a Many-Particle System

The conditions for the validity of the approximation we have been
discussing do not, in fact, restrict the number of particles making up the
target system. To use the same method to treat collisions with many-
body systems we have only to require that the interactions between the
target particles and the incident particle be of a form which may be treat-
ed by the high-energy approximation, and place the restrictions men-
tioned earlier on the bound state energies. The treatment of a many-body
target then becomes a simple extension of that of a single bound particle.
We have only to replace the single particle wave function by the many-
particle wave function
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Nﬁm.mﬂvllv \N\hﬁ@.\r:ﬂ\ku...vﬂz/v :.qov

and the single -particle phase shift function (161) by the phase shift suf-
fered by the incident particle in passing through a configuration of target
particles. If the incident particle interacts with the target particles by
means of two-body forces this phase shift is simply the sum of the phase
shifts caused by the individual particles

X(B-3) — ZX{(B-3) . am

The index j has been placed on the functions X since the interactions need
not all be the same.

By using these more general expressions, we may write the am-
plitude for a scattering process in which the target system makes a
transition from the state i to the state f as

m%ﬂnﬂv " .NIMI: \@:N.lﬁ\v.mrnpg*u .

(172)

gtz EFEP g e,

There is only one limitation on the validity of this expression which
is of a type not already encountered in dealing with single -particle targets.
We must require that the particles of the target system not be too far a-
part to prevent the use of the approximate wave functions on which the
method is based. As we remarked in connection with Eq. (74), the ap-
proximate wave functions used are not intended to be accurate at large
distances from the force centers. One may see, in fact, that their ac-
curacy breaks down at distances of order a/A=ka®> , where a is the
force range. (A simple example which illustrates this is the breakdown
of the geometrical shadow cast by a black sphere.) For this reason one
must require that the target particles be contained within a radius R of
one another obeying the inequality

R << ka®.

(173)
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376 R. J. GLAUBER

correction to the product of the total cross sections means that the effect
becomes much more noticeable as the cross sections increase. A very
large effect of this type must be wﬂwmmbﬁ. for example, in antiproton-
deuteron scattering, if the cross section of the free neutron is of the same
order of magnitude as the rather large antiproton-proton cross section
discovered recently. In that case analysis of the present sort becomes
quite necessary in order to reach a reasonable estimate of the neutron
cross section from a knowledge of the deuteron and proton cross sections.
For the numbers actually observed in that case the indicated correction
increases the estimated antiproton-neutron cross section by some forty to
fifty per cent, and thereby shows it to be approximately as Hmwmm as the
antiproton-proton cross section. 13

Since the effect we are considering occurs under a iuam variety of
conditions, and is not necessarily a small one, it is of interest to gener -
alize the model we have used. We shall remove the assumptions that the
nucleons are effectively black, and that the interaction ranges are much
smaller than the deuteron radius. The latter, in fact, is a rather poor
approximation.

Consider first the mnmnnmngm of the incident particle by a single
nucleon, say a neutron. The scattering amplitude is given by

R - e JERIELRO

Note that no account is taken of recoil, i.e., the neutron might as well be
fixed. (For small-angle scattering, recoil corrections are proportional
to @ and hence are unimportant.) A similar expression yields the ampli-
tude for scattering by the proton.

Now the amplitude for elastic scattering by the deuteron may, ac-
cording to the results of the preceding section, be constructed as follows:
Let § be the neutron-proton separation, g = Ty - Tp » and let u(q) be the
ground state wave function of a deuteron at rest. The projection of g on

the plane perpendicular to kK will be written as &. Then the elastic scat-
tering amplitude is

FkiK) =

(177)

N'W_._.l %mgﬁlﬁa.m,n_ﬁ_u\dﬁ@:m ﬁ@?ﬁmwﬂm@

i
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where the phase shift X(b,3) is the sum of the phase shifts produced by
the neutron and proton in their instantaneous positions,

X(B,3) = X (B-3)+ X, (3 +3). (178)

The scattering amplitudes are Fourier transforms of a set of func-
tions which we may write as

- iXn(®) a X, (B)
hE=1-e >, h®E)=1-e"F

(179)
(6 2) MQ:@MYX%TM&
»w =

These functions vanish when b lies outside the appropriate interaction
ranges. Now, the last of these functions may be expressed in terms of
the first two by means of the simple identity

MEz) =1 - [-RE-3) - RE+3)

(180)

i}
Nltnl
N—r

= (-

NIW

)+ B+ 3) -6

N“nl

) (b~

On substituting this expression into Eq. (177) and shifting the origin of the
Uum.wwbm in.the first two integrals we express the elastic scattering ampli-
tude in the form

\\-ltnl

FlcR) = £ @R FF R g + £ @R F ) g

(181)
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. pe .
Now if the nucleus is initially in the state i, the elastic scattering ampli-
tude is

() = f folEFP5 g,

2

(185)

g, gorfeX® 52} T g,

where the phase xﬁmvnm-:.:vm.; is the sum of the phase shifts contributed by
the individual nucleons

XG5, 50 = 2 (6-5) . (186)

In the above formulae the §; are, as before, the components of the M_.,
perpendicular to K. .

Now it is clear from a comparison of initial and final states that
the nucleus plays a relatively passive role in elastic scattering. It is
reasonable to ask, therefore, whether a totally inert model of the nucleus
can be constructed which yields precisely the same elastic scattering.
Away of constructing such a static model would be to find a potential well
which scatters the incident particle in the way desired. This procedure,
if feasible, would reduce at least this aspect of the many-body problem to
the consideration of an effective one-body problem.

Now the procedure we have described is, in fact, quite simple to
carry out, using the high-energy approximation. Instead of solving di-
rectly for an effective potential, however, we shall first work with phase
shift functions. We have only to compare the general expression (185) for
a nucleus as target with the expression

£(kK) = NFS. \mswﬁ.ﬂm%@-: & (187)

for the scattering by a static potential. We see immediately that if we let
the static potential have a phase shift function

\Vﬂovﬂ.Aﬂv
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given by

et (B) = Y e (188)
e ENQ:.JQ«ZJ_Q ﬂmﬂ

we secure the desired equality

F k) = Rk k) (189)

The Hmpw:u..ob defining uno_&..mm.v may be abbreviated a bit by writing

mmvﬁo_uﬁm.mvu AQNHAI_U-»WHUVWU‘JV_‘ . (190)

-

where the phase shift X Am~m::.v.m'z ) is given by Eq.(186), and the brackets
< >; signify that an average is to be taken over all configurations of nu-
cleons in the i-th state.

Zoc,,: as we mentioned earlier, as long as the interactions we are
considering furnish a complete description of the problem, the phase
shift produced by each of the nuclear particles will be real. Hence their
sum, unAqu.v.mp:.:ulmz ) will be real as well. The expression (190) for the opti-
cal phase shift shows, 5o€m<mw..ﬁrwn uhomlmv must, in general, be com-
plex. Mathematically, this can be seen by noting that the values of

expliX(B3,... 3,

are unit vectors in the complex plane. An average taken over such unit
vectors must have absolute magnitude less than or equal to unity. Fur-
thermore, the case of equality would be realized only if Xavmv:....wﬂv

were independent of the configuration of nuclear particles. Since no such
independence holds in general, we have

mmxovﬂAmv ¢ | (191)

i.e., the optical phase shift function uﬂovlmv has a positive (and, in
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7 .

;..Xomﬁm.m,v = _ow Ammxvm

_ ((x- Axvvv
= (<0, + log Ce )
Now the expansion in powers of a parameter A of the function

Am;onkxy.vv

(195)

log

is easily obtained. Its coefficients are simple homogeneous m.oH%Sogwm..Hm
in the various central moments of the function X(b,5,,.5y ). The expan-
sion which we find for X, (B) may be written as

DX ope(B) = 2 K (B) (196)

n=| 2

where the W:Aﬂv are given by

K(B) = <X(B5,.3)

K (B) =< (X(B3,.5)-<X(53, .0 )

KalB) = (X - <X %)%,

Ka(B) = <= 30" =3O ()
Ks(B) = <(X-<X3)% = 10< (X=X

K (B) = OO0 = 16<x=-<x VDL (-0
= 10X =X = 15 (X=X

HIGH-ENERGY COLLISION THEORY 385

The coefficients K, are the cumulants of the distribution function for
Kﬁmv.m.::.vm.z ), or the semi-invariants of Thiele, 17 a5 they are also known
to statisticians. N

Once the optical phase shift function X ot ,(b) has been evaluated
either by means of the integral (188) for the series (196), it may be used
in a number of ways to reduce the many-particle problem to one involv-
ing, in effect, only the incident particle. In particular the scattering and
total cross sections are given in terms of .X.a%ﬁmv by means of the single-
particle formulae (96) and (98). That the latter formula holds for the total
cross section follows from the generalized form of the optical theorem
(167) which was shown to hold for collisions with bound particles. In that
discussion of the optical theorem an expression (169) was written for the
inelastic part of the total cross section which we may generalize to the
case of many bound particles as

- Gpaor = [ [, g0 P [T L wow

This expression may be written in terms of une%:uv as

G = JdB{1- ,mpxozﬁm:mw i

wnelast.

which is simply the absorption cross section (98) for the equivalent single
particle problem. This observation illustrates the self-consistency of
our formalism; particles which are described as absorbed in traversing
a nucleus indeed account correctly for those which appear in the inelastic
scattering.

Although we have illustrated the derivation of the function uﬁovinmv
for the particular case of a many-particle nucleus it is well to bear in
mind that the concepts used make no particular reference to the number
of degrees of freedom involved. The scattering system need only be
capable of a response which permits inelastic collisions. The effective
phase shift function is equally well defined (and a great deal simpler to
calculate) if the scatterer consists only of a single bound particle. It is
also well defined for schematic models of the nucleus which ignore all but
a few degrees of freedom. In discussing rotational states, for example,
it is convenient to represent the nucleus as a homogeneous ellipsoid hav-
ing only the Euler angles as degrees of freedom. The calculation of
X opt(b) for such a system describes the effect of rotational inelasticity
on the elastic scattering.
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».
dc._ﬂv = |- Wﬂ beﬁﬂl.:L-:Zm_q . (2006)

When this expansion is substituted in Eq. (205), the terms containing a
single function [} may be expressed immediately in terms of the scat-
tering amplitudes (203). If all further terms were dropped, the sum of
these terms linear in the ] would constitute the familiar single-scat-
tering approximation

(kK'k) ~

{
(207)

N e gy A
W_ﬁﬂr“rv\mlrur )5 —ﬁ%ﬂ.‘::.vﬂzu_m ﬂnf‘,_

The further terms of the expansion (206) provide corrections for effects
of multiple scattering and interference which become important in con-
figurations in which nucleons lie in the ''shadows' cast by one another.
The integrations required to find the nuclear scattering amplitude
are simplified considerably by using an independent particle model for the
nucleus. We assume, as a first approximation, that the nuclear ground
state wave function factorizes so that —ﬁ.%mﬂ:...vmﬂ..iw may be written as

_\N\Fhmwr\:...ﬂr\zu_m = d\@._ Aﬂr\._,v 5 (208)

where Q; nﬂwu is the normalized density for the j-th particle. .Hw.o in-
tegral (188) which defines the effective phase shift function is then given
by -

Xt (B) T0-1(E
ot Port u\_Sﬁ;_,.mz_wﬂ_c-m?-@am:

(209)

=T 0= Jo@T(6-5)dg 3 |
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The function uno&.m.v is thus given by

ot (B) = =12 log I ~[oi@ T (B-5)dg;} (210)

where in each term the branch of the logarithm which approaches zero as -

‘b—>00 is to be chosen.

A further simplification which is convenient at this point is the as-
sumption that the range a. of the interactions between the incident particle
and the target nucleons is much smaller than the nuclear radius R. Inthat
case, since the functions [ assume values at most of order unity within

i
the force range and vanish outside it, the integrals

(B -3)dg, 211
H@.E:i._._:u mwn_nf (211)
Bﬁmﬁ. be 'quite small in absolute value. In fact they must vanish for values
of b appreciably larger than R, and for smaller b take on values at most
of order a*/R?®> . We may therefore expand the arguments of the loga-
rithms in (210) to find

Aopt. (B) = i M \ﬁ_.@.wm._mmuw.h.vn_@.b + o (212)

The higher order terms, which have been dropped for simplicity are at
most of order a?/R?® relative to those retained.

Since there are only two types of nucleons within the nucleus,
neutrons and protons, only two different functions [] actually enter the
problem. We shall carry the simplification one stage further, however,
by assuming only one kind of particle to be present in the model nucleus.
The actual case may be described by a self-evident extension of the nota-
tion.

If all the functions [} (b) take the same form, M (b), the expres-
sion (212) for Hol:uv may be written in terms of the average particle
density

e(@) = Ir M_ 0;(@) (213)

Xt (® = iNfo@ME-3)dg . (214)
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392 R. J. GLAUBER o .

If the spin-orbit and central forces are of comparable magnitudes the
spin-dependent term above is smaller than the spin-independent one by a
factor of order a/R . Although spin-dependence must therefore be viewed
as a small effect it may be consistently retained in an expansion which
neglects terms of order a?*/R%*,

The integrals of the functions R and T which occur in (221)
may be related to the two terms \mhr\ %! and mﬁnﬁmv of the spin-de-
pendent scattering amplitude of a nucleon defined by (135) and (136).
Clearly the integral of ﬂ. is related to the forward value of the spin-in-
dependent amplitude Am\ ,

4@ = f@R) = L& [R(5)d™b . (222)

Advantage may be taken of the axial symmetry of the function [T by
writing the integral involving it as

J Ul 2()d™L = 54, 1R W4, (223

where the indices ( and j label cartesian axes. The latter integral
may be expressed in terms of the derivative with respect to the scatter-
ing angle 1% of the spin-dependent amplitude q near the forward direc-
tion

5 /b (b)d™b = 2 mwma_v?o

, , (224)
= N:.p {q'(o) .

Hence, with the presence of a spin-orbit interaction, we find the effec-
tive phase shift function

X, (B) = iNJo@T(B-3)dg

(225)

21N {1(0) - L q@F (Rx )} [ (b2)dz.
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An optical potential may be derived from this expression by writ-
ing it in the equivalent form

Uﬁovﬁﬁmv =

wax_/_\ tfo- wﬂo&.;éao@%r _

This form makes it evident that a suitable potential is given by

- m.ﬂ_/\niﬁ = wbx_l/_mﬁov-w @_ﬂovm.%xd& o(r). . (@21

Since the m<m.w.wmo density function is spherically symmetric we have

Von = Yd om

We must now remember that HN is a unit vector in the direction of the in-
cident momentum 4\ (or, the nearly parallel direction given by (89)).
The vector product ( ¥ x K') is of course the orbital angular momentum
(in units of 4. ) of the incident particle. Hence the optical potential takes
a form such that -

- ‘%c<o_vil - ﬁﬁ*AoVQA«V+W q' :m\%iq r# (228)

It is of considerable interest to note that the spin-orbit portion of
this potential falls naturally into a form bearing an analogy to the Thom-
as interaction of atomic theory. Such a form was employed by Fermi in
an early analysis of polarization experiments, and has been widely used
since. We have shown that this form follows naturally from a power se-
ries expansion in the ratio a/R . Furthermore the coefficient of the
spin-orbit potential, (i{/kdg'(e) , is complex and may be established direct-
ly from suitable scattering and polarization measurements on single -nu-
cleon targets.

The expression (228) for the optical spin-orbit potential is not an
unfamiliar one, but previous derivations of it appear to have been confined
to the single-scattering approximation analogous to (207). Such deriva-
tions, of course, do not justify the use of the potential (228) in calcula-
tions to any accuracy higher than the first order of perturbation theory.
The actual discussion of polarization experiments, however, has required
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2

M Z {5q)5(q,) IT (1+XS(g; >

2
do [ KT (1 + 2s5(g Ny
IPZACICANIGS WASKARICOSCHY
Aj\.,:.rv,mh.oljvv (236)
= Z,$5(q05(q) = Z<S(q 78 5(q,)>

= N(N-1)XS(g)5(q. > = N*{5(g, )Y

dX
d

= [53)5@) [N0-) 093, 5~ N0 @) o} 3,43, |

df
dH

= 5@)5@) S @N0-NN-2 67§33 -
(237)

3N(N-)6™(3, 300G +2 N0 (3o p(3) 1 43,45.455 -

These averages may be expressed a bit more briefly in terms of the ac-
tual particle densities, which may be written as

n(@ = Ne(g) , n®@ga=NIN-DG g,

Z_ (238)
V= -\ = : — —
NG g0 = W) 0 G D -
The expansion of ¥2(X) is then
I JONES v;mf‘,v:nopn_o« +
(239)

N .
N.M \mﬁ _Jwﬁoﬂb ?EAQ‘_LL nzazg:ﬁ&n_o:n_o:+ S
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The expression (232) for the optical phase shift function may be
evaluated by means of the expansion (239) by substituting mﬁv_g =-(B-3})
and A=1. The phase shift function is then found to be ’

Wt (B) = N\«:.ouﬁm -3)dg

- & [[ng.g0 - n@rGITE-2NE-5)di 3,
(240)

-+ IN.I\MZAWVAQ):@'»uﬂWMV - wzmng@._ .ﬂtnu jﬁ\lb “+
2n@n@nG)I B-T(E-5)N(b-5)dg,dg.dg, + .

The first term of this expansion is of precisely the form discussed in the
preceding section. The function n(g)=Ne(q) plays in it the same role as
the density in the independent-particle model. The succeeding terms of
the expansion represent the effects of pair correlations, three -particle
correlations, etc. To illustrate these effects further we shall discuss the
second term of the series in a simple limit. .

If the number of particles, N, is quite large, it becomes conven-
ijent to write the two-particle density n® in the form

NG, 80 = nGanGa{9(§.a) rlﬁm.aww SeICAI B CEY

An expression of this type is useful since the function n®(J,,q,) will not
in general deviate appreciably from the product n(@IN(G, unless the
points g, and @, are fairly close together. The function IE..::ND\Z

is added within the parentheses so that the pair density function q(F,7)
may be defined to take on the asymptotic value unity as either T or T~
recedes to infinity. The function h takes on values of order unity and so
the correction /N may be neglected in integrals over small volumes. If
the system being considered is spatially uniform, the pair density g(T, T
will depend only on the distance IF - F'|. With this assumption we may
write '

n(g,3. - n@GING) ~n@n@Gqlg-g.0 1} (242)
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factorizes, it is necessary to pay careful attention to the ordering of fac-
tors. The result is simplest to state for the case in which the correlation
.length is much smaller than the nuclear radius. It is

nr_Js/\ovil = me Q@:ﬁi L, g'o) I_T m\l:j o- _.l..w

(248)

v (B o {10 [Gn-ndr + (90 e q0rdr)

-]

The function g'(o) which appears here is the derivative of the spin-depend-
ent scattering amplitude (224) evaluated for +%= O. The function g(r) oc-
curring in the integrands is again the pair density, defined by (241). The
correlation term in (248) has been evaluated under the assumption that the
nucleon density varies very slowly within a correlation length. The con-
tributions from the nuclear surface which are thereby neglected may
easily be constructed by the same means. The short-range approxima-
tion a<<l has also been used in deriving (248).

The Influence of the Exclusion Principle on the Optical Potential

The constraint of antisymmetry which the exclusion principle plac-
es upon a nuclear wave function produces certain correlations in the posi-
tions of the individual nucleons. The most important consequences of the
exclusion principle may be described in terms of these correlations; their
effects are present whatever is the nature of the incident particle. ‘

We may assume, for the moment, in order to separate two prob-
lems, that the incident particle is not a nucleon. Then our main task in
estimating the correlation effect is the evaluation of the pair density func-
tion g(r). For the simple model of a gas of many non-interacting Fermi
particles, this function may be evaluated quite readily. Its derivation is
usually discussed in connection with treatments of the electron gas in con-
ductors. We define the Fermi momentum HhKg via the relation

3
w_ﬂp ke = n, , (249)

where n is the density of nucleons (of similar charge and spin variables).
Then the pair density function may be written as

glr) =1- mﬁml__».uwimu.m\p;mﬁwm

2
s (250)
=] — ﬁm sinker —k.rcosker w

k3
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The pair density (250) may be seen to vanish for r = 0, and to approach
unity for distances large compared to the Fermi wavelength, 1/kg . This
behavior expresses the tendency of fermions of similar charge and spinto
remain separated from one another; i.e., their positions are anticorrelat-
ed.

To evaluate the correlation effect in the short-range approxima-
tion we require the integral

Mmomin_vmﬂ = - w_mm Nawu@u\uxuvwmx

(251)

|
|
w

T

5K °

By using the definition, (249), of the Fermi momentum we may write

ziﬁmma -Ndr = — _W_“ . (252)

The optical potential may now be evaluated by means of equations (246)
and (247). The real part of the optical potential is simply the real part
found on the basis of the independent-particle model multiplied by the cor-
rection factor
L 2 . 253

_ =+ Ton 9 71 R ( )
For a cross section o = 40 millibarns, the correction is some 20%. The
imaginary part of the optical potential may be obtained by replacing the
total cross section o, which occurs in the expression for the independent-
particle model, by the quantity

K’ _(4rm v
o+ Mlomﬁﬁo‘n Aﬂmm.rouv ”_ (254)

which evidently represents an effective cross section for a nucleon in a
many -particle nucleus.

The effective cross section (254) has a number of interesting prop-
erties. For incident particles of sufficiently high energy the expression
(4n/k)Re £(c)  may be expected to be considerably smaller in magnitude
than the total cross section o of a free nucleon. (This will be particularly
true when absorptive, i.e., incoherent, processes play a large role. Ex-
perimental results to date for mesons and nucleons in the Bev range are
consistent with assuming Re #(0)=0.) We must therefore expect that at
such energies the effective cross section of a nucleon in the nucleus will
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404 R. J. GLAUBER

cesses may contribute significantly to the scattering at low energies, we
shall show that they are of little importance in the high-energy limit.

Consider the scattering of a pair of (non-identical) nucleons in
their center of mass system. Suppose that the scattering amplitude for
one of them is f(z#). If the nucleons are now considered to be identical
particles, antisymmetrization of the wave function yields the scattering
amplitudes £(«#) + f(7-2#) for the singlet and triplet states. The domain of
the angular argument 2%, for these amplitudes, must be restricted to a
single hemisphere, say, o=*=J, The superposition expresses our in-
ability to say whether, speaking in classical terms, a scattering through
the angle ¥ or M- actually takes place. For angles % at which the am-
plitudes f(x#) and £(T-1*) are both large, their interference may be im-
portant, In the high-energy limit, however, the scattering is character-
ized by extreme anisotropy; f(1#) is very large for small 2% and quite
small for all other directions. The only angles in the range 0< < m/2
for which f(#) x f(m-¥) takes on large values lie close to the forward
direction. For such angles the exchange amplitude F(m-) is negligibly
small; i.e., it is very much more probable that the scattering takes place
through the small angle ?* than through the angle m-Y#=1. The assump-
tion that back-scattering is extremely weak, in fact, underlies most of
our approximation methods.

Since the exchange amplitude is negligible, it is clear that the
same result would have been obtained by foregoing the procedure of anti-
symmetrization altogether. This result may be stated a bit differently by
noting that the stronganisotropy of the scattering means that large values
of the orbital angular momentum are contained in the scattered wave. The
effect of the exclusion principle disappears since we are at the limit in
which the angular momenta may be treated semiclassically.

The exchange effects, which are negligible in the center of mass
frame of two nucleons, are equally negligible in the laboratory system.
They may with similar accuracy be neglected in treating collisions of the
incident nucleon with a succession of nucleons within a nucleus. We con-
clude, therefore, that the results derived in this and earlier sections
should hold to fair accuracy when the incident particles are nucleons, as
well as any other types of particles.

The Optical Model for Nuclei of Arbitrary Radius

The expressions for the optical potential in the preceding sections
have been evaluated under the assumption that the nuclear radius and cor-
relation length are much greater than the range of interaction of a nucleon
with the incident particle. Although this assumption has been.convenient
in simplifying the derivations, it is clearly not too accurately fulfilled in
practice. By using it we have gained a certain geometrical insight into
the optical model as well as the generalization of a number of results
which have been widely discussed in connection with theories of (infinite)
nuclear matter. In the present section we shall indicate briefly how the
calculations may be generalized to treat nuclei of arbitrary dimensions.

e
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The assumptions which restrict the radii were made as a means of
simplifying certain integrations over the configuration space of the nucle-
ons. In particular, it was assumed that the functions _M_.:L = |- giX;b)
are of such short range, compared to nuclear dimensions, that the varia-
tions of nuclear density functions, etc., within this range are negligible.
All of the information required about the scattering by the individual nu-
cleons. was therefore contained in the integral

IR d®b = (2m/ik)j(0).

In order to deal with nuclei of smaller radius, or with longer range inter-
actions, more detailed knowledge of the functions fj(b) is clearly neces-
sary. The values of these functions, however, are not, in general, di-
rectly available from experiment. The procedure by which they are to be
found is essentially that of phase shift analysis. Within the scope of the
Jpresent approximations this analysis is conveniently simple. The function
N(b) may be directly expressed as a fourier transform of the scattering
amplitude. For this purpose we shall write the scattering amplitude
mﬂm_.ﬂv hereafter simply as a function of the momentum transfer -k
i.e., we shall write f(k - k') in place of H.Am__nwmv, omitting explicit refer-
ence to the energy parameter k, which remains constant throughout. With
this notation the scattering amplitude is given in terms of [[(B) by the
integral (203),

HOCK) = gk Jo kDb ey

(256)
21T -

The function [ may be solved for in terms of fj by means of a two-di-
mensional fourier transformation,

=y ) -i3-b @

_H_m._Uv N_.._.mx \m .m._myJ& A - (257)
The vector variable of integration X in this integral is conjugate to the im-
pact vector B. It is taken to vary over the plane perpendicular to the in-
cident propagation direction k.

Some practical limitations inherent in the above solution for T;
should be borne in mind. The scattering amplitude f; upon which it is
based is, in general, a complex function of the momentum transfer. The
usual experiments, measuring scattered intensities,. tell us only the
modulus of this function (for non-vanishing momentum transfer). Knowl-
edge of the phase of the scattering amplitude must therefore be procured
from other sources. (E. g., if the interaction is purely absorptive € is
pure imaginary.) Furthermore at any given energy only a finite range of
momentum transfers, i.e., 0< X £2k, is physically available. Never-
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408 R. J. GLAUBER

CO = JedTgm-Ndr ,

the phase shift correction reduces to

A:.I.Xo_.vﬂ :uvl.”no.‘... =

. © (267)
Lo [FO1CONd™N b, dz

Since the density function 'n(b, z) is spherically symmetric, the correla-
tion correction to the optical potential is given by

— i S0Vt = mmm ::3\3?913» : (268)

corr.

In the limit of large correlation lengths this expression reduces to (245).

Our discussion of the correlations brought about by the exclusion
principle may now be extended by finding the fourier transform, ciny,
of the correlation function (250). This calculation corresponds simply to
finding the common volume in momentum space of two Fermi spheres
whose centers are displaced by a distance A relative to one another. Its
result is

.|_I wa A B
kl37 2 f.«ﬁﬂb for 02A=2ke )
CO = (269)

Hence the effect of the exclusion principle on the optical potential is given
by the simple integral

— 5 8Vl T

excl.
princ. . AN.NOV
2

.:meu_ _
- s [R5 Kz R INd)

In the preceding section we noted the close correspondence be -
tween the correlation effect in nuclei and the ''eclipse'' effect in the deu-
teron. In the discussion of the eclipse effect the calculations were also -
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simplified at one point by the assumption that the interaction range is much
smaller than the deuteron radius. This as sumption may likewise be re-
moved by making use of the expression (257) for ﬂ__ . The generalization
of the expression (184) for the deuteron total cross section, which we reach
in this way, is

g, =0, + O + 2, [SOIRe (V0NN 27D

where S(\) is the deuteron form factor

SN n Th..v.,.ﬂ_ilmm.m. (272)

The expression (271) reduces to (184) in the limit of large deuteron Hw.nwww.
It should be a considerably more accurate expression to use in wangbm
experimental data, but its use requires some knowledge of the angular dis -
tributions of scattering.

Inelastic Scattering
The optical model, as we have discussed it thus far, represents an

approach to the problem of elastic scattering. In the present mo.oﬁob ém
shall indicate briefly how it may be employed in treating inelastic transi-
tions as well as elastic ones. We shall then devote a few remarks to
some of the more general properties of inelastic scattering at high ener-

ies.
¢ We have already derived a general expres sion for the inelastic
scattering amplitude of an incident particle by a many -particle .m%.mmmg.
e.g., anucleus. As longas the energy difference between the wE..ﬁNH.
nuclear state, i, and the final state, f, is small compared to the incident
energy, Swm scattering amplitude is given by (172),

J..\r .ﬁm‘ﬂ\v.ms.
CORER = e 4

?E:.;.m;;mﬁ%,?e-?h_%zéﬁ :

Since the nucleus changes its state in the course of a collision for ..muw L,
quantities which enter the integrand of (172) can no longer be &mmnﬂudm.&
entirely in terms of static density and correlation functions. In practice
a model of some sort must always be used to provide suitable initial and
final state wave functions. Many such models have been devised and we
shall not enter into their details here, other than to mention a simplifying
feature which most of them share. It appears that many transitions may
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412 R. J. GLAUBER

where the brackets < »; again signify the expectation value in the initial
nuclear state. The expression (276) contains the expectation values of
products rather similar in form to those which occurred in the discussion
of the optical model. We shall omit the details of their evaluation here
and simply quote the form to which the inelastic angular distribution may
be reduced, when certain assumptions we have discussed earlier are in-
troduced. If we assume that the interaction range of a nucleon is much
smaller than the nuclear radius, and that the nucleons are independent
particles, we find

dg
da

[l

| RRTF
v\sn_s Q\.iw 2)dz mE (R

inelast, F4(

i

(277)
[ L e PRI/ R(B,2)dz ;
[

where the vector variables of integration are related to the variables of
(276) by

B-+4(B+E) ,B3=15-% . _“ (278)

Some insight into the nature of the expression (277) for the inelas-
tic differential cross section may be obtained by expanding its integrand
in powers of the nucleon cross section. To lowest order we find

Aw.ﬂp mwzv \.LSW\W& i(kK)- a\ly ﬁ_:y:n_ay

nelast.

stﬁthN 4 .- C(279)
= NIf(k-K)?

which is just the sum of the intensities of single scattering by the individ-
ual nucleons. The higher order terms correct for multiple nozwmwOSP
which are important when the nucleus has appreciable opacity.

Another expression which illustrates the meaning of (277) is the
total inelastic cross section. The angular distribution (277) may be inte-
grated over directions of ' by means of the approximation (94). The
result is :

b4

oo ) L
oy T Emvunrﬁ -Jisnir 2 /n(s,)dz w 280
ot n\mcw e \.a m\ K2 oo ~- , (280)
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Under the approximation ,33 the integral

S AR TOM N

is mwwbwq the total scattering cross section of a nucleon, Oscatt. - If
processes other than simple nucleon-nucleon scattering are present,
their effect upon the scattering is described in terms of an absorption;

i.e., we write 0 = Ogps + Tscatt. . Thus the inelastic cross section may
be written as

\LEW o pwn.m..mh.mudmw @

_:m:rm.n (281)

scatt. \SAW z)dz lw

This expression has a simple interpretation. It shows that the inelastic
cross section is just the integral over impact parameters of the probabil-
ity that the incident particle both escapes absorption and undergoes at
least one scattering collision.

It is also possible to calculate the effect of nucleon position cor-
relations on the angular distribution of inelastic scattering. In particular,
the correlations due to the exclusion principle are of some interest in
their effect on the inelastic scattering near the forward direction. This
calculation is a simple application of the methods we have discussed, but
would be a bit lengthy to present here.
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