Renormalization of QED (March 2017)

Pdf file generated on April 6, 2017.
To do: finish up (2.15) —massless.
To do: complete calc for (3.4).

1 Lagrangian and Feynman rules

In these notes, we’ll use ngg = 1.
Consider the bare QED Lagrangian with gauge fixing term
Lo = 1o (i — mo — eg o) Yo — 1 FouFy” — 500(9,45)*
Let ¢y = Zzl/Qw and Ag = Z§/2A, so that
Lo = Zot) (@@ — g — eo\/73A> W — LZ3F,, 0 — L\ Z4(0, A1)’
Define

ZQ =1 + 522 ng() =m + om ZQ de() = p%Zle = M% (6 + 5216)

Z3:1+523 Zg/\gz)\+5)\
to write Lo = L + L. with

L=1 (z@ —m— eﬁdﬁ) W — LF, P — 1)(,A0)?

Low =1 <i6Z2;79 ~om — 5zleu%44) W — 1625 F,, i — LA(0,A")?

(1.1)

(1.2)

(1.3)

(1.4)

The fermion and photon propagators, photon-electron vertex and the associated counterterms

are
7
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—dep 2 yH — iéZle/vc%y“
We use Feynman gauge (A = 1) in all one-loop calculations.
Also note Peskin and Schroeder (7.89)
{77} = 2"
V= (2= d)y”
VYA = A0+ (d = 4)"”
VAN = =279 + (4= d)yT

— 10 23(K* Ny — kuky) — 10Xk K, = —i0Z3k* Py, — i0MNK* R,

(1.5)

(1.6)



2 Fermion two-point function

We now repeat the discussion in the renormalization notes.

The fermion two-point Green function with self energy —i is

<T(w¢)>:gj—m+p’—m(_Z’Z(p)_mm—'—wzmﬂ—m—'ﬂ”:I/—m—E(P)—(SmjL(SZI/

Peskin and Schroeder (p. 220) point out that the matriz structure of ¥ contains only y and 1,
with coefficients depending on p* = py, so it can be considered a function of Y. Thus we can
expand X(§) in p near the physical mass m,,

D) = S(my) + )= my) +, where T = o 2.)
we find that the denominator of the two-point Green function is
[m, —m — %(my,) — dm +6Zmy,| + [1 — X' (my,) +06Z] (f — m,) + O((¥ — m)?) . (2.2)
The physical mass is determined by the solutions of
my, —m — X(my,) —om+dZm, =0 (2.3)
and i ‘R .
(T(y)) = -y’ where R= 1= (my) + 67 (2.4)
In the one-loop approximation, set m, = m in the terms that are already first order to find
m, =m+ 3(m) + dm — 5Zm and R=1+%(m)—-46Z2. (2.5)

The one-loop self energy is

( . 4d)2/ e, i , — N
—1 P}
a (27r)‘ﬂ 16+£—m—|—i57 (2 —m2 +ie
o [ AU @A +m)y
- _ ,2,4-d © 2.6
o /(27r)d[(£+p)2—m2+i€] (02 — m2 + ie] (2:6)

—1%(p)

where we have added a small photon mass m,, to regulate the IR divergence. Now using {v*, 4"} =
2n — Ay, = d and y*y"y, = (2 — d)y” this becomes

' L 2 A 't 2—d)p+{) +dm
—i%(p) = H / 2m)4 (€ + p)2 — m2 + ie] [€2 ot is} (2.7)

We now turn to our loop integral notes, and use the « representation with
P =p, P =0, Mi = m, and My = m,. In doing so, the loop momentum gets shifted to
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(=10— > ilaj/a) Py = ¢ — (ay/a)p. The § term will vanish upon integration over £ leaving us
with a term (2 —d)(1 —a;/a)p+dm in the integrand. Next we convert to Feynman parametriza-
tion (choosing ¢; = 1) a; = af; so the integrand now contains (2 — d)(1 — 1)p + dm. Setting
[B1 = x, we use the results in the loop integral notes to write

SiS) = - ettt () [Lar BEOUSIEEI

[am? + (1 — z)m2 — z(1 — z)p?] 2
We evaluate near four dimensions (d = 4 — 2¢)

e Lm0 =90 =g (4= 20m)
S) = fmy (0 [ o [m? + (1~ x)m? — (1~ 2)p?]

_ e (4w2)6F(1+6)/1d$[—2(1—6)(1—3?)15+(4—26)m]

m? € [x+(1—x)2—§—x(l—x)5l—22]

R e G
+ 26/01 dz [(1 — z)p — 2m] log {x +(1— m)Z—i - x)i—z] ) (2.9)

See my notes on Sterman for a slightly different derivation. The first line agrees with Peskin and
Schroeder (10.41) with z — 1 — x.

We evaluate this near the physical mass m,. At the order to which we are working m, = m so
e [(4rp®\ T (1+¢) ! 9 m?
YX(p=m)= (in)? < - ) - ((B—G)m—Zme/o dz(l+ x)log {x —i—(l—x)ﬁg})
~ me? (4ap*\ T (1+¢)
~ (4m)2 \ m?
3me? (1 4y 4
:W<g—’7+10g|: 2 :|+§) (210)

We set m., = 0 in the integral because it converges without an IR cutoff.

Also
2 2\ €
5 (m) = e (47w ) F(l—}—e)x

m2 €

1
(34 4e) using / dz(1 +z)logz? = _g
0

' m? L 91— a?
(-rere [ dn-aog |t (-] o [ 2UZE)
0 m 0 $2+(1_x)m_g

2 (AnP\ T (1 ! U ox(1 — 22
= - 2(”!5) (+€)(1—6—26/ dx(l—x)loga:2—26/ dxw(—:z))
(4m) m € 0 0 24+ ™

m2

e2 (1 47 ? m?
= — (drn)? (E—’y+log[m2}+4+210g[w}) (2.11)




We have simplified the integrals in the second line assuming that m., is very small, and then used

! 3
/ dz(l —z)logz? = —=
0 2

bo2w(l—a?) 9 a? B 9
/dem——l—(a +1)10g(a2—+1)——1—10g(a)+~~ (2.12)

courtesy of Mathematica. Choosing

2 /1 4me? (1
02y = _W <E + 02) and om = _W (E + Cm) (213)
we have
o2 Ay m?2
Ry=1+%(m)—062,=1 — e (—02—7+10g [ 3 } +44 2log [H;})

3me* (1 4 4y 4
mp:m—l—Z(m)—kém—éng:m—i—(;nT;<§CQ—§cm—7+log{ :;/; ] —1—5) (2.14)

For massless fermions (and photons), the self energy is

20) = o () T 05 - [ dalr -y
_ 2\ T L5 (D (52)
-~ o () ra-2 7
L, (4‘;)2%]; (2.15)

Calculate the subleading piece for this!



3 Photon two-point function

Recall from the renormalization notes (renn.tex) the definitions of the projection operators
_ kMEY o _ krEY
k2’ k?

which obey P2 = P, R?> = R, PR = RP = 0, and P + R = 1. Recall the propagator and
counterterms

PHY — v

(3.1)

—iP, —iR,,
ERRESVERE
Denote the self-energy diagram by

—i6Z3k* P, — i0MK* Ry, (3.2)

ill,, (k%) = ik*TI(k*) P,
then the two-point function is
—P, —iR,
i) = (SR + )

I P iR
+( ey ZRW)(ik2H(k2)Paﬁ—iéZ3k2Pa5—ié/\k2Ra5)< P =Ry >+

k2 Ak k2 Ak
—iP,,

—iR,, —6A
= (1+ (IL(K*) — 6Z3) + -+ ) + Ak; <1+ 3 +>

B —iP,, L iR
T Tk + 6250k (N + oNK?

Thus we do not require a counterterm d\ for the gauge-fixing term so Zs\g = \.

The photon wave function is

i, (k%) = (—z’e,u42d>2 (—1) / (Zd—;l;dtr (%k +£_im n ia%ﬂ— T:L n ia) (3.4)

Then ....
) = - Ezir/;:: (9 /oldx [m2_z((11:z))k2]42
- <Zf>2 (4;52) F(le+€)/o ' [1—Z(<11:?>:;—2T
_ (ie; (4;/;2)6 F(1€+ 2 [é _6/01 de (1 — ) logF]
_ g(;:)z (1—7—}—log {4”“2} —G/Oldm x(l—:z:)logF) (3.5)



Since F(k? = 0) = 1, we obtain

4 e
II(0) = — =
M= -3
Thus
4 2 1
0fs = — = -
’ 3 (4m)? (6+CA

(3.7)



4 Electron-photon vertex
The unrenormalized and renormalized 1PI three-point functions are related by

1"#

_ —1/2

YA

The unrenormalized function is computed using bare parameters

F%¢A 0= —iegy" + eg(one-loop—diagram) (4.2)

The renormalized function is computed using renormalized parameters and a counterterm

F%d;A = —ieu%’y’” — 107, eu%'y“ + e%w(one—loop—diagram) (4.3)
Let’s strip off a factor of —ie from the 1PI diagrams
I yao = —1el'5 (0, p) T4 (p',p) = " + €3 (one-loop-diagram)
F%Ws = —ieu%r“(p',p) TH(p', p) = " + 6 214" + e*pu*~%(one-loop-diagram) (4.4)
Since e* = €2+ (higher-order), it is evident that
To(p',p) = Z7'TH(p, p) (4.5)

as can be seen directly from eq. (4.1) by using Zo\/Zzey = 11"3° Zye. This is essentially the
content of Peskin and Schroeder (7.47).

Thus
AP, p) = " 4+ 6 Z1v" + 6T (P, p) (4.6)

where p is incoming, p’ is outgoing, ¢ = p’ — p is the incoming photon momentum, and the
one-loop contribution is

bt oy — (iont5t)’ A [ =i\ i . i \
o (p’p>_< s ) /(zw)d (€2+z’e)7¢'+£—m+z’57 ¢+l—m+z’67
_ eypea [ A VAL m P+ + m)
ek /k%ﬂﬂw+pP—nﬂ+wﬂw+ﬂP—nﬂ+mﬂ@—u?+%) (4.7)

We can simplify this by sandwiching between spinors and using {¢,§} = 2a - b together with
(p — m)u(p) = a(p')(p’ —m) =0 to find
o aa [ dU a(p)y" (F +f +m)y"(p+{ + m)yu(p)
a0 ST (v’ — _5.2,4 d/ v
UL pyulp) = =i | G ST T o — i + i) ([ + Pl — 2 + i) (8 — 2 4 )
2 4d/ A a(p') (4p - Py + 2040 + 29" + " " ) ulp)

2m)d ([0 + p)> — m2 +ie)([€ + p']? — m2 + ie) (02 — p? + ic)
(4.8)




We could simplify the last term using y#4"7y?77y, = =277y + (4 — d)y"~v*1°.
Peskin and Schroeder argue that symmetry restricts the electron/photon vertex to the form

1ot q,
2m

L.(p',p) =" Fi(¢) + E(q?) (4.9)

The contribution Fy(q¢?) comes entirely from T and is UV- and IR-finite, whereas
Fi(¢*) = 14621+ 0Fy(q?) (4.10)

and §F(¢*) is both UV- and IR-divergent. In (10.45), Peskin and Schroeder compute the shift
in form factor in dimensional regularization obtaining (I'm also including the u term)

T [(59) (2 — 2¢)?
5F1(q2)—W/0 dmdydz5(1—x—y—z)lA42§d( 5 )
L%

+ o (2(1 —2)(1 —y) — 2exy] ¢° + [2(1 — 4z + 2°) — 2¢(1 — 2)*] m?) (4.11)
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where A = (1 — 2)*m® + zm? — zyq*. Expanding around d = 4 — 2¢, we have

2 €2 42\ © [ i . s 2I°(1 4 €)(1 — 2¢)
0F(q7) = (4m)? ( m2 ) /0 dx dydz (1 Y )L [(1 — )2+ z(m%/mQ) — Zy(qg/mg)}€
2(1 — 2)(1 — y)g® + 2(1 — 4z + 22)m?
! (1 —2)?m? + zm?2 — 2yq? ] (4.12)

Also see Srednicki (63.19). To determine the counterterm let’s look at the 1/e pole.

SE () = - /1ddd5(1— _yonio ] (4.13)
1 - (4m)? raas ry ZE_(47T)2€ ‘

SO
e

57, = —ﬁ e + 61) . (4.14)

We see that §7; = 07, (provided ¢; = ¢3) as expected by the Ward identity.

Next consider the form factor at ¢ = 0. Since the integrand is independent of x and 3 we obtain

i () P2 [ o
G (4;52>1F(1: . .
(1—26-26 /0 dz (1 — z)log {(1—2)% Z%} +2‘3/0 o ((11 = j))z(i;f;;;?))
(4.15)



where we drop m., from the first term and set z = 1 in front of mg in the second. Then using

1

/0 dz (1 —2z)log(l —2) = ~2

O (O et O L4
/0 dz (1—2)2+ (m2/m?) ) + log [m2_ (4.16)

courtesy of Mathematica (and taking the small m, limit of the result), we obtain

e (1 47 [m?
SF(0) = —— (= —y+1 4+ 2log | —2 4.17
1(0) (4@2(6 v+og[m2]+ + og_mQD (4.17)
Observe that 6F(0) + X'(m) = 0. It is also possible to see this earlier in the calculation by
following the approach of Peskin and Schroeder on p. 222 but in the context of dimensional
regularization, as they suggest on p. 334. The term in parentheses in the first line of eq. (2.11)
is, setting z =1 — x is

! 2 ! 1—2)(4z — 222
—1+€—|—2€/ dz zlog [(1—2)2—1—,2%} +2€/ dz( (1= 2)0z = 227) (4.18)
0 0

m? 1 —2)% + z(m2 /m?)

The term in parentheses in the last line of eq. (4.15) is

1—26—26/01dz(1—z)10g [(1—z)2+zm—3] +26/0le (I-0-dz42) )

m? (1= 2)2+ 2(m2/m?)

Adding these we get

€ — 2 — 26/01 dz (1 — 22) log {(1 — )4 z:—ﬂ + 26/01 dg 5152222%%2) (4.20)

Integrating by parts

—26/0 dz (1 —2z)log {(1 —2)% + z%} = 26/0 dzz(1 — 2) (i(i;)i):z((fné//rjn% (4.21)

so the sum is

1
6—26+2e/ dz(1—2)=0 (4.22)
0

The result §F1(0) + X'(m) = 0 is a consequence of a Ward identity (see next section). This also
dictates that the UV divergent counterterms obey Z; = Z,. Hence

e? Ay m?
Also recall from earlier that
e? 47y m?
Ry=1 — W(_62_7+10g|:m2‘|+4+210g|:gg‘|) (4.24)
We must choose the finite counterterms equal ¢; = ¢y to preserve gauge invariance. Then

F1(0) =1 implies Ry = 1 and vice versa.



Sterman also computes the vertex diagram for a massless electron exactly (p. 400), finding

Fi(¢®)=1- ;—;F & ;(El)i(zle)_ i (41?(’;) Lig + % + 4} (4.25)

This includes UV as well as IR divergences. We can imagine minimally subtracting the UV pole.
Then we compute the self-energy for massless electrons, but this vanishes, being scaleless. By
the Ward identity the UV counterterms for the self-energy and the vertex cancel out. Therefore
the total form factor is just

Fi(g*) =1~ 86—7;F < ;ré)i(;e)_ e (425)6 L% + 2% + 4} (4.26)
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5 Ward identity

The Ward identity is given by
S(p) [—ieq.l" (v, p)] S(p) = e[S(p) — S()] (5.1)
where S(p) is the full fermion propagator, and ¢ = p’ = p. Equivalently
.0, p) =i [S7H ) — ST (p)] (5.2)

This is proven below diagrammatically to one loop when written in terms of bare quantities.
Since

So(p) = (T(Yotho)) = Zo(T (Y1) = Z>5(p)
So'(p) = 2557 (p)
Lo, p) = 27 T, p) (5.3)

we see that it will also hold for renormalized quantities provided that
7y = Zoy (5.4)

Now for the proof. Expanding the propagators and vertex function to first order

S) [—iequf“(p’ p)] S(p)

]b' -~ ]ﬁ, —(= iE(p’).)F [ wﬁ ieq, 6T (p', p)] ]b m - —(= Z'E(p))]ﬁ_m
- ﬁ/_ [ Zeq]]é_ ]ﬁ - [ 7’6%]]6 m(_zz(p))]é—m |
+ G [T ) S (iR S e (5.5)
Next we observe that
e I e O I e e R
Also
4 d 2 —iny v i / i
4.5 (P, p) = / 27) (€2+;>7 ¢/+¢—m+is(’5 _’5);z$+¢—rn+z's7A
4 d 2 ddf —UMu v 1 1 A
/ (27)d <€2—He>7 {ﬁ—i—ﬂ—m%—ie_]é’—irﬂ—m—l—ia}y
[( — (—iZ(p))] (5.7)
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Thus

—ieq, 0T (p',p) = e[(—iX(p)) — (—iX(p"))] (5.8)

Inserting egs. (5.6) and (5.8) into eq. (5.5) we obtain the telescoping expression

S(p') [~ieq. I (p', p)] S(p)

:e{?—zmwim+{ﬁ—im_?’jm}(im@))m - '
ﬁ/jm [(_iz(p)) B (_iz(p/))b_@m + ﬁ,im(—iz(p’)) Lé_zm - }yim} }

— <[t - 5] (5.9)

+

QED. (Pun intended.) This proof is actually for bare quantities. The proof will also be valid for
renormalized quantities, provided that eq. (5.8) also works for the counterterms

—iedZyvg = e [(—idm + i0 Zap) — (—idm + 10 Zop')) (5.10)

Naturally, this requires 0Z; = 6Z5 for both the divergent and the finite pieces.
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