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1 Group theory

Definition of a group: A group G is a set of elements g that obeys:
e (Closure) If g, ¢ € G, then g¢' € G.
e (Identity) There exists an element e € G such that eg = ge = g for any g € G..
e (Inverse) Given g € G, there exists an element g=' € G such that g~'g = gg~! = e.
e (Associativity) (g9")g” = g(4'q").

If g¢' = ¢'g for all g, ¢ € G, then the group is abelian (commutative), otherwise nonabelian.

Finite (infinite) groups have a finite (infinite) number of elements. A very important finite group
is the symmetric group S, the group of permutations of n objects. The order (number of ele-
ments) of this group is n!. It is nonabelian for n > 3.

Infinite groups may be either discrete or continuous. An example of a continous group is U(1), the
set of complex numbers z with modulus one, |z| = 1. An element of U(1) may be parametrized
by 0 < 0 < 27, where z = €. The identity element corresponds to § = 0, and the inverse of 0
is —6. This group is abelian. The dimension of a continuous group is the number of parameters
needed to specify an element. Thus, U(1) has dimension 1.

The complete set of simple Lie groups is given by [1,2]
e A, =SU(n+1)
e B, =50(2n+1)
e C, =5p(2n)
e D, =850(2n)



2 SO(N), the group of special orthogonal matrices
We denote by O(N) the group of real, N x N, orthogonal matrices
R'R=1. (2.1)

(R reminds us that these are rotation matrices in N dimensions.) Verify that such matrices satisfy
the definition of a group. If in addition we require these matrices to have unit determinant

det R =1 (2.2)

they are called “special” and the group is called SO(V). Now let r be areal, N x N, antisymmetric
(and therefore traceless) matrix

rf = —r. (2.3)
One may verify that R = e" is orthogonal. Tracelessness of r implies that R has unit determinant.

Since R is real, it may seem strange to introduce complex numbers, but it is conventional to
write

R=e¢T, where 7" is imaginary, and T7=-T. (2.4)
(Note that 7' is therefore Hermitian. R is real and orthogonal, therefore unitary.)

Consider the set of imaginary, antisymmetric matrices 7%, where j, k € {1,---, N}, whose
matrix elements are given by

0 —i 0
jk\mn - cim skn in ckm 12 ¢ 0 0
(TIF)™ = —i (60" — o7 6"™™), for example  T"=1,7 (2.5)
Using eq. (2.5), one may easily show that
Tr(T9TH) = 2(5% 57" — 5 57%) (2.6)
and also that (be careful not to confuse 7 the index with i = /—1)
[T9,TH] = i(6* 17" — 6" T7% — T + 67'T™) . (2.7)
We wish to choose a complete set of linearly independent matrices to be used as a basis. Since
T* = —TI* we may restrict our attention to j < k. The number of such matrices is N(N —1)/2.
Instead of using a double index (jk), let us relabel them in some way (possibly including minus
signs) as T where a € {1,--- ,N(N — 1)/2}. The matrices T are referred to as generators in



the fundamental representation of the group. The most general imaginary hermitian matrix can
then be written as a linear combination

T =w'T" (2.8)

where w® are N(NN —1)/2 arbitrary real parameters, and here and below we adopt the convention
that repeated indices are implicitly summed over. An arbitrary element of SO(N) may be written

R(w) = e «"T" (2.9)
so that SO(NV) has dimension N(N —1)/2.

If i < 7 and k < [, the second term of eq. (2.6) vanishes so we have shown that the generators
T* are orthogonal with respect to the trace norm:

Tr(T*T") = 25 (2.10)
Using eq. (2.5), one may easily show that (sum over a implied)
(T (TP = §mPyma — gmPeme | (2.11)
(TeT*)™ = (N — 1)5™" (2.12)
which will be used below.

We may freely rescale the fundamental generators with an arbitrary parameter L; (called the
index of the fundamental representation):

a L a
Tp=y5 T (2.13)

so that

Te(T§Ty) = Ly6™ (2.14)
In general, as we will see later, the generators satisfy a set of commutation relations

[T}, T}) = ic™™ Ty (2.15)

b¢ is a set of real numbers called structure constants. For SO(N), this is evident from

¢ may be inferred.

where ¢*
eq. (2.7), from which the values of ¢



2.1 SO(3)
For SO(3), we choose our basis of generators to be (L reminds us of orbital angular momentum)
L'=T%, L =-T", L>=T" (2.16)
which can be expressed in terms of the Levi-Civita symbol € as
L% = Le®T (2.17)

with sums over ¢ and j (from 1 to 3) implied. Using eq. (2.5), this becomes

(L*)™™ = geman (2.18)
or explicitly
00 0 0 0 ¢ 0 — 0
L'=(o 0 —i], L*=<(0 00], =i 0 0]. (2.19)
0 2 O -1 0 0 0 0 0
Using the identity
Eijmekzlm — 6ik5jl o 6il5jk (220)

one can show that the SO(3) generators satisfy the commutation relations
(L%, L) = ie®™ L. (2.21)
Thus, writing T¢ = /L;/2 L%, we see that the structure constants for SO(3) are

L
e = | 2L gate. (2.22)

2

Consider a similarity transformation with the unitary matrix

1 -1 0 1
L'*=U"'L"U where U=-—=|—-i 0 —i (2.23)
V2 o vz o
which preserves the commutation relations (2.21) as well as tr(L*L?) = 2. In this basis, we
have

L (010 L (0 —i 0 10 0
I'=—1[10 1 L'?=-—"—|i 0 —i L'*=10 0 0 (2.24)
010 0 i 0 00 —1

which are standard in quantum mechanics.



3 SU(N), the group of special unitary matrices

We denote by SU(N) the group of N x N, unitary matrices with unit determinant:
U'U=1  detU=1. (3.1)
Such a matrix can be written as
U=e™  where T"=T and Tr(T)=0 (3.2)
that is, T is a traceless Hermitian matrix.

Consider the basis of traceless Hermitian matrices (e.g., see p. 148 of ref. [3]) with matrix
elements

5 1, ifm<y
(TL)™ = | ———0™" x{ —j, ifm=j+1, 1<j<N-1 (3.3)
P j(G+1) . .
0, ifm>7+1
Let us relabel these matrices as T% where a € {1,---,N? — 1}. The most general traceless
hermitian matrix can then be written as a linear combination of these generators

T=w'T" (3.4)
where w® are N2 — 1 arbitrary real parameters. An arbitary element of SU(N) may be written
Uw) = e T (3.5)

so SU(N) has dimension N? — 1.

With a little bit of work one may show that the generators satisfy

Tr(T*T%) = 25 (3.6)
With rather more work one may show that
1
(T)y"™™(T*)P1 = 2 (5"p5mq — Némnépq) , (3.7)
a a\mn 1 mn
(T*7)"™ =2 N—N o, (3.8)

As before, we may freely rescale the fundamental generators 7% = \/% T* so that
Te(T§TY) = Ly6™, (3.9)
[T, T7) = ic™™ Ty (3.10)

b

where ¢ are the structure constants of SU(N). It is conventional to choose Ly = 3 for SU(N).



3.1 SU(2)

For SU(2), the generators in the defining representation are simply the Pauli spin matrices o®:

ol =T,
o2 = T2
od =T}. (3.11)
The Pauli spin matrices are hermitian and traceless, and obey the nice relations
oot = 571 + ie®eoC . (3.12)
From this we deduce
Tr(o%0®) = 20, (3.13)
(0%, 0%] = 2ie*0° . (3.14)

Thus, writing T¢ = \/Ls/2 0%, we see that the structure constants for SU(2) are

= \/2L; ", (3.15)
It is conventional to choose Ly = % and define J* = %aa for SU(2), so that
Tr(J*J%) = 16, (3.16)
[J, J°) = ie*e e, (3.17)
Thus, if we choose Ly = 2 for SO(3) and Ly = £ for SU(2), the Lie algebras are the same, with
structure constants c®¢ = e,
3.2 SU(3)
For SU(3), the generators in the defining representation are the Gell-Mann matrices \*:
A — T—|1'2 Az — T}ra \6 — TJQFB
A2 — 12 AP — 13 AT — 723
N =T} N =T% (3.18)
which we recall obey Tr(A?A?) = 26%°. The matrices obey
(A%, \P] = 2 fabe)e (3.19)

where explicit values for f*¢ may be found, e.g., on p. 517 of ref. [4]. Writing T¢ = /L;/2 \°,
we see that the structure constants for SU(3) are

= \/2L; fo. (3.20)

Again, it is conventional to choose Ly = % and define t* = %)\“ so that
Tr(tt") = 16, (3.21)
GRAESE (3.22)



4 Representations

4.1 Defining representation

In the previous sections, we have discussed the defining (or fundamental) representations of
SO(N) and SU(N), which are N x N matrices U which act on an N-dimensional vector ¢ as

¢ =U(w)d (4.1)
or in terms of components
™ = U(w) " on (4.2)
where m, n € {1,--- , N}. These (special, unitary) matrices can be expressed as
Ulw) = e "7 (4.3)

where T} are the (Hermitian, traceless) generators in the fundamental representation, chosen to
obey

Te(T§Ty) = Ly6® (4.4)

and w® are dim G real parameters. For group elements near the identity (that is, infinitesimal
w), we have

JO™ = M — O™ = — i (TP (4.5)

Now since the T§ are Hermitian, traceless matrices (and, for SO(N), imaginary), it follows that
the commutator i[T¢, T}] is also Hermitian and traceless (and, for SO(NV), imaginary), and so can
be expressed as a real linear combination of all of the generators: [T, T}’] = wTs. We express
this by writing

[T}, T7] = ic™T§ (4.6)

for some set of real constants ¢, called structure constants. We describe this by saying that
the generators satisfy a Lie algebra. Note that ¢ is manifestly antisymmetric in the first two
indices. If in addition we use eq. (4.4), one finds

aoc Z a C
e = —L—fTr([Tf,sz]Tf) (4.7)

abc

from which one easily verifies that the structure constants ¢**¢ are antisymmetric in all indices.

As we saw in the previous sections

e V2L fe, for SU(N) and Sp(N) (4.8)
T\ for SOV |

where f%¢ = €% for SO(3), SU(2), and Sp(2), and the Gell-Mann structure constants for SU(3).



Using the Jacobi identify together with eq. (4.6), one obtains

0= (77, T3] TF) + (177, 7], 771 + (77, T7], 77
- (Cabcccde + decccae + Cdacccbe) T; (49)

so that the structure constants obey
Cabcccde + decccae + Cdacccbe =0 (4 10)

Now let’s see how the commutator arises through group multiplication. Let w{ = €/*** and
w§ = €0**?. Observe that

Uﬁl(W1>U71<WQ)U(W1)U(WQ) =1- EQ[T}M, T}m} + 0(63)
=1 —€ic" T} + O(&%) (4.11)

But a product of group elements is another group element
U w) U N w)U(w))U(ws) = Uw) = e "7 (4.12)
from which we see that

w® = 2" + O(e%). (4.13)

4.2 Other representations

Lie groups also have other (unitary) representations R, which are r x r matrices Dg(w) (where
r = dim R) that obey the same group multiplication laws as the defining representation

U(wl)U(w2) = U(W3) — DR(Wl)DR(WQ) == DR(Wg) (414)

These matrices act on an r-dimensional vector V' as

V' = Dg(w)V (4.15)
or in terms of components
V' = Dg(w)9VI (4.16)
where i, j € {1,--- ,r}. These (unitary) representations are parametrized as
Dg(w) = e " Tk (4.17)

where T are the (Hermitian) generators in the R representation. For group elements near the
identity, we have

V=V -V = —ijw" (T V7 (4.18)



Repeating the calculation above, we have
Dy (w1) Dy (w2) Dr(wi) Dr(ws) = 1 — [T, T?] + O(€%) (4.19)
But using eq. (4.13), we have

D;il(wl)Dél(wg)DR(wl)DR(wg) = DR(Q}) =1- iw“T]‘% + O(CUQ)
=1— i T + O(e%) (4.20)

Comparing these two equations, it follows that
[Ta Th] = ic™T%, (4.21)
with exactly the same structure constants as T7.

Furthermore, if T¢ are chosen to be orthonormal (up to a constant L), then so will be T (cf.
p. 498 of Peskin and Schroeder [5])

Tr(TETh) = Lré™ (4.22)

but with an index Ly that depends on the representation and is some multiple of Ly. Combining
eqs. (4.21) and (4.22), we obtain

cobe = —LL Te([T%, TETS) (4.23)
R

4.3 Adjoint representation

We now define the generators in the adjoint representation by

(T2y)™ = icee. (4.24)
where a, d, e € {1,--- ,dim G}. Note that these are purely imaginary, antisymmetric matrices

(and therefore Hermitian, of course). One verifies using eq. (4.10) and the antisymmetry of ¢

in the first two indices that

([T;dja T:dj])de — _Cdacccbe =+ cdbcccae — _Cabccdce — icabc (Ta?dj) de (425)

verifying that the matrices (4.24) obey eq. (4.21). The index of the adjoint representation is

Logi0™ = Tr(T%TE) = cedebt. (4.26)

adj~ adj

The adjoint representation matrices

Digj(w) = e™*" o (4.27)



act on a dim G-dimensional vector with components ¢ as

¢ = Dagj(w)™¢* (4.28)
For group elements near the identity, we have
5¢b — _iwa(T:dj)bc¢c — Cbacwa¢c (429)

Instead of regarding ¢° as components of a dim G-dimensional vector, we can use them to con-
struct the dim G x dim G hermitian matrix

¢ = ¢"T} (4.30)
We will demonstrate that ¢ transforms as
¢ =U(w)dU™ (w) (4.31)
Under a infinitesimal group element
¢/ — oW} ¢0Tf eiwa};
= ¢ — i ¢e[T}, T
= ¢+ WP Ty (4.32)
that is
0 = ¢' — ¢ = "W ¢°Ty (4.33)

precisely in agreement with eq. (4.29).

4.4 Representations of SU(2)

In quantum mechanics, we derive the spin-j representation matrices of SU(2) in a basis in which
J? is diagonal:

(J3)mm' = mdmm” m, m' = ja T _.] (434)
The index of the spin—j representation is

JG+DEI+1)

Ly =tr(J?J%) = 3 (4.35)
s0 Lyjp = %, Ly =2, Ly =5, Ly =10, etc. We also have
(Y2 4+ (2 + (I =4+ (4.36)

so that the quadratic Casimir of the spin-j representation is
C;=2j(j+1) (4.37)
that is 01/2 = %, Cl = 4, 03/2 = %, Cg = 6, etc.

10



4.5 Complex conjugate representations

Given a representation R with matrices Dg(w), define the conjugate representation R with ma-
trices

Dg(w) = Dj(w) (4.38)
which is also a representation since
DR<M1)DR(UJ2> = DR((U3> ES DE(Wl)D;z(wQ) = Dj%(wg) (439)

The generators of the conjugate representation

Dg(w) =e ™% (4.40)
are given by
1% =—(Tg)" (4.41)

In general, the representation R is distinct from R, unless it is a real or pseudo-real representation.

If the generators T} are all imaginary,

(T3)* = -T2 (4.42)
then
T% = TI% — Dﬁ(w) = DR(CL)) (443)
and so R is self-conjugate, or real.
If instead
(T8 = —S~'TaS (4.44)
for some matrix .S, then
T = S™'TRS = Dg(w) = S™'Dg(w)S (4.45)

meaning that R is equivalent (by similarity transformation) to R. In that case, R is called
pseudo-real.

The adjoint representation is always real. The fundamental representation of SO(N) is real. The
fundamental representation of SU(NV) is pseudo-real only for N = 2, otherwise neither real nor
pseudo-real.

11



5 Quadratic Casimir
The Casimir Cg of the representation R is defined as (implied sum over a)
(TETE)7 = LyCrd¥ (5.1)

Combining eqgs. (4.22) and (5.1) we obtain

LpdimG dimG Log
Cp=—"2 = Cogi = — 5.2
"7 L, dimR I dimf VL (52)
The Casimir of the adjoint representation is
LfCadjéab = (TzfdjTacdj)“b = aedcbed (5.3)

This together with eq. (4.26) is consistent with eq. (5.2). Using egs. (4.6) and (4.7) we have

: 1
caedghed —Lif Te([T, T§ITS) > = 7 T (T2, THITH)

1 arpbrpdrd arpdrbrd brpdrparpd drpbrparpd
= £ | DT — DT - TITTTTY) + T T T TY)

= 2L;Cp6* — L% Te(T{T{TTY) (5.4)
We will use this below to evaluate Cyq; for various groups. Let’s also evaluate
(dae ebf fed _ _ dea ebf .fed _ .dec ebf fad _ _ L;Cha; deaghd _ ecd fbe daf (5.5)
which implies
cdae ebf fed _ _ % L;Cha; cabe (5.6)

Alternatively we have

ae e C Z a e (1 C 1 C a (& €
caecebf efed — —L—Tr([Tf,Tf]Tf)c bf pfed — - Te([[T1, T5), TH)T5)

! f
Z. e C a [&
= LL Tr(ebcae) — Tr(becae) — Tr(cebae) + Tr(cbeae)
f
— Tr(aebce) + Tr(abece) + Tr(acebe) — Tr(acbee) (5.7)

Consider the tensor product of representations T op, = T, @ 1+ 1T . The Casimir is then
TI%1®R2TI%1®R2 = Tnggl ®1+ 2T1%1 ® TI%Q +1® T]%QTI%Q (58)

12



If the generators are traceless, we have

tr (T, or, T or,) = tr (Th Th ) dim Ry + dim Ry tr (T, T1,)
= L;(Cg, + Cg,) dim R, dim R, (5.9)

But since Ty g, = ®iTj, we also have
tr (T omTienr,) = > LiCr, dim R; (5.10)

Consequently

(Cr, + Cp,) dim Ry dim Ry = ) _ Cl, dim R; (5.11)

13



5.1 SU(N)
For SU(N), we have dim f = N and dimG = N? — 1, so

—N—— (5.12)

Moreover, the fundamental generators obey eq. (3.7)

a\mn a n m 1 mn 1
(T§)"™™(T7)" = Ly (5 poma — N(S 6pq) = Cy=N— N (5.13)
For P and @) any product of generators, this implies
1
Tr(PT*) Tr(QT*) = Ly [TI(PQ) N Tr(P) Tr(Q)}
1
Tr(PT*QT") = Ly [Tr(P) Tr(Q) — N Tr(PQ)] (5.14)

Since f @ f =1 (adj), by eq. (5.11) we have Coqjdim G = 2C}(dim f)? = 2N(N? — 1) hence
Cadgj = 2N (5.15)
and
el = ;00" = 2L N5 (5.16)
Alternatively, we can use eqgs. (5.4) and (5.14) to show

2

L6 =2L,N&% (5.17
i 70 f (5.17)

2 1
acd bed ab arpdrpbrdy ab
el =20, €y = T T(IFTTITY) = 2L (N - N) 5+

Since for SU(N), we have ¢®¢ = /2L, f®, this implies
facdfbcd — N(Sab (518)

Let’s use egs. (5.7) and (5.14) to evaluate
claecblcfed — i N'| Tr(abe) — Tr(cba) | = —LyNc™* (5.19)

which is also consistent with eq. (5.6).

14



5.2 SO(N)
For SO(N), we have dimG = N(N —1)/2 and dim f = N, so
_dimG
I~ dim f
Generators in the defining represention of SO(/NNV) are hermitian N x N matrices that satisfy
(T = -1 (5.21)
This also implies that they are imaginary and traceless. They obey eq. (2.11) (see also ref. [6])

N -1
% (6np5mq . 5mp§’PQ) _— Cf = (5.22)

2
For P and @) any product of generators, this implies

(N —1). (5.20)

N[

(T3 (T =

Tr(PT*) Tr(QT*) = Ly Tr(PQ) — Tr(PQ™)
2

T (PTQT®) = % [Tr(P) Q) — Tr<PQT)] (5.23)

From eq. (5.21), we have
Q" = (—1)"eQ" (5.24)
where Qf denotes the product of generators ) in reverse order, and ng denotes the number of

factors in @, so we can recast eq. (5.23) as [7]

Tr(PT*) Tr(QT") = Ly Tr(PQ) — (—1)"e Tr(PQF)
2

Tr(PTQT") = % {Tr(P) Tr(Q) — (—1)" Tr(PQR)} (5.25)

We can use egs. (5.4) and (5.25) to show that

2 N -1
acd bed ab arpdbrpdy ab ab
coedehed — o, . C6% — I Te(T¢TITETY) = 2L <—2 > 8% — L6

= L§(N —2)6* (5.26)
Since ¢*cdcbed = [, fCadj(S"b, we have

Cagj = N — 2 (5.27)

Since for SO(N), we have ¢®¢ = \/% febe this implies
fretfret = 2(N —2)8* (5.28)

Let’s use egs. (5.7) and (5.25) to evaluate

N -2

5 e (5.29)

claecebf pfed — %(N —2) {Tr(abc) — Tr(cba) | = —Ly

which is also consistent with eq. (5.6).
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5.3 Sp(N)
For Sp(N), with N even, we have dimG = N(N + 1)/2 and dim f = N, so

dimG
= - 5 N 1 . .
Generators in the defining represention of Sp(/N) are hermitian N x N matrices that satisfy
(1" = JT°J (5.31)
where J2 = —1 and J? = —J. This implies that they are traceless. They also obey [6]
L N+1
(T}l)mn(T}l)pq — 7f <5np5mq _ JmPJPfI) _— Cf — T+ (532)
For P and @ any product of generators, this implies
L
Tre(PT*) Te(QT*) = 71’ [Tr(PQ) + Tr(PJQTJ)]
L
Tr(PT*QT*) = 7f {Tr(P) Tr(Q) — Tr(PJQTJ)] (5.33)
From eq. (5.31), we have
QY = (-1 I (5.34)
so we can recast eq. (5.33) as [7]
Tr(PT*) Tr(QT®) = % [Tr(PQ) — (=1)™ Tr(PQR)l
L
Te(PT*QT") = 7]‘ [Tr(P) Tr(Q) + (—1)"e Tr(PQR)} (5.35)

We can use egs. (5.4) and (5.35) to show that

2 N +1
acd bed ab arpdrpbrdy ab ab
= Ls(N +2)5* (5.36)
Since ¢®dcbd = [,C,4;0%, we have
Cagj = N +2 (5.37)
Since for Sp(N), we have ¢*¢ = /2L f**, this implies
fretfret = 3(N 4 2)6 (5.38)
Let’s use egs. (5.7) and (5.35) to evaluate
' N+2
claccebl cfed — %(N +2) | Tr(abc) — Tr(cba) | = —Ly ;_ e (5.39)

which is also consistent with eq. (5.6).
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