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1 Group theory

Definition of a group: A group G is a set of elements g that obeys:

• (Closure) If g, g′ ∈ G, then gg′ ∈ G.

• (Identity) There exists an element e ∈ G such that eg = ge = g for any g ∈ G..

• (Inverse) Given g ∈ G, there exists an element g−1 ∈ G such that g−1g = gg−1 = e.

• (Associativity) (gg′)g′′ = g(g′g′′).

If gg′ = g′g for all g, g′ ∈ G, then the group is abelian (commutative), otherwise nonabelian.

Finite (infinite) groups have a finite (infinite) number of elements. A very important finite group
is the symmetric group Sn, the group of permutations of n objects. The order (number of ele-
ments) of this group is n!. It is nonabelian for n ≥ 3.

Infinite groups may be either discrete or continuous. An example of a continous group is U(1), the
set of complex numbers z with modulus one, |z| = 1. An element of U(1) may be parametrized
by 0 ≤ θ < 2π, where z = eiθ. The identity element corresponds to θ = 0, and the inverse of θ
is −θ. This group is abelian. The dimension of a continuous group is the number of parameters
needed to specify an element. Thus, U(1) has dimension 1.

The complete set of simple Lie groups is given by [1, 2]

• An = SU(n+ 1)

• Bn = SO(2n+ 1)

• Cn = Sp(2n)

• Dn = SO(2n)

• F2

• G4

• E6

• E7

• E8
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2 SO(N), the group of special orthogonal matrices

We denote by O(N) the group of real, N ×N , orthogonal matrices

RTR = 1l . (2.1)

(R reminds us that these are rotation matrices in N dimensions.) Verify that such matrices satisfy
the definition of a group. If in addition we require these matrices to have unit determinant

detR = 1 (2.2)

they are called “special” and the group is called SO(N). Now let r be a real, N×N , antisymmetric
(and therefore traceless) matrix

rT = −r . (2.3)

One may verify that R = er is orthogonal. Tracelessness of r implies that R has unit determinant.

Since R is real, it may seem strange to introduce complex numbers, but it is conventional to
write

R = e−iT , where T is imaginary, and T T = −T . (2.4)

(Note that T is therefore Hermitian. R is real and orthogonal, therefore unitary.)

Consider the set of imaginary, antisymmetric matrices T jk, where j, k ∈ {1, · · · , N}, whose
matrix elements are given by

(T jk)mn = −i(δjmδkn − δjnδkm), for example T 12 =


0 −i 0 · · ·
i 0 0 · · ·
0 0 0 · · ·
...

...
...

. . .

 . (2.5)

Using eq. (2.5), one may easily show that

Tr(T ijT kl) = 2(δikδjl − δilδjk) (2.6)

and also that (be careful not to confuse i the index with i =
√
−1)

[T ij, T kl] = i(δikT jl − δilT jk − δjkT il + δjlT ik) . (2.7)

We wish to choose a complete set of linearly independent matrices to be used as a basis. Since
T kj = −T jk, we may restrict our attention to j < k. The number of such matrices is N(N−1)/2.
Instead of using a double index (jk), let us relabel them in some way (possibly including minus
signs) as T a where a ∈ {1, · · · , N(N − 1)/2}. The matrices T a are referred to as generators in
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the fundamental representation of the group. The most general imaginary hermitian matrix can
then be written as a linear combination

T = ωaT a (2.8)

where ωa are N(N−1)/2 arbitrary real parameters, and here and below we adopt the convention
that repeated indices are implicitly summed over. An arbitrary element of SO(N) may be written

R(ω) = e−iω
aTa

(2.9)

so that SO(N) has dimension N(N − 1)/2.

If i < j and k < l, the second term of eq. (2.6) vanishes so we have shown that the generators
T a are orthogonal with respect to the trace norm:

Tr(T aT b) = 2δab . (2.10)

Using eq. (2.5), one may easily show that (sum over a implied)

(T a)mn(T a)pq = δnpδmq − δmpδnq , (2.11)

(T aT a)mn = (N − 1)δmn (2.12)

which will be used below.

We may freely rescale the fundamental generators with an arbitrary parameter Lf (called the
index of the fundamental representation):

T af =

√
Lf
2
T a (2.13)

so that

Tr(T af T
b
f ) = Lfδ

ab (2.14)

In general, as we will see later, the generators satisfy a set of commutation relations

[T af , T
b
f ] = icabcT cf (2.15)

where cabc is a set of real numbers called structure constants. For SO(N), this is evident from
eq. (2.7), from which the values of cabc may be inferred.
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2.1 SO(3)

For SO(3), we choose our basis of generators to be (L reminds us of orbital angular momentum)

L1 = T 23 , L2 = −T 13 , L3 = T 12 (2.16)

which can be expressed in terms of the Levi-Civita symbol εabc as

La = 1
2
εaijT ij (2.17)

with sums over i and j (from 1 to 3) implied. Using eq. (2.5), this becomes

(La)mn = iεman (2.18)

or explicitly

L1 =

0 0 0
0 0 −i
0 i 0

 , L2 =

 0 0 i
0 0 0
−i 0 0

 , L3 =

0 −i 0
i 0 0
0 0 0

 . (2.19)

Using the identity

εijmεklm = δikδjl − δilδjk (2.20)

one can show that the SO(3) generators satisfy the commutation relations

[La, Lb] = iεabcLc . (2.21)

Thus, writing T af =
√
Lf/2 L

a, we see that the structure constants for SO(3) are

cabc =

√
Lf
2
εabc . (2.22)

Consider a similarity transformation with the unitary matrix

L′ a = U−1LaU where U =
1√
2

−1 0 1
−i 0 −i
0
√

2 0

 (2.23)

which preserves the commutation relations (2.21) as well as tr(LaLb) = 2δab. In this basis, we
have

L′ 1 =
1√
2

0 1 0
1 0 1
0 1 0

 , L′ 2 =
1√
2

0 −i 0
i 0 −i
0 i 0

 , L′ 3 =

1 0 0
0 0 0
0 0 −1

 (2.24)

which are standard in quantum mechanics.
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3 SU(N), the group of special unitary matrices

We denote by SU(N) the group of N ×N , unitary matrices with unit determinant:

U †U = 1l, detU = 1 . (3.1)

Such a matrix can be written as

U = e−iT , where T † = T and Tr(T ) = 0 (3.2)

that is, T is a traceless Hermitian matrix.

Consider the basis of traceless Hermitian matrices (e.g., see p. 148 of ref. [3]) with matrix
elements

(T jk+ )mn = δjmδkn + δjnδkm , j < k

(T jk− )mn = −i(δjmδkn − δjnδkm) , j < k

(T jD)mn =

√
2

j(j + 1)
δmn ×


1, if m ≤ j

−j, if m = j + 1

0, if m > j + 1

, 1 ≤ j ≤ N − 1 (3.3)

Let us relabel these matrices as T a where a ∈ {1, · · · , N2 − 1}. The most general traceless
hermitian matrix can then be written as a linear combination of these generators

T = ωaT a (3.4)

where ωa are N2 − 1 arbitrary real parameters. An arbitary element of SU(N) may be written

U(ω) = e−iω
aTa

(3.5)

so SU(N) has dimension N2 − 1.

With a little bit of work one may show that the generators satisfy

Tr(T aT b) = 2δab . (3.6)

With rather more work one may show that

(T a)mn(T a)pq = 2

(
δnpδmq − 1

N
δmnδpq

)
, (3.7)

(T aT a)mn = 2

(
N − 1

N

)
δmn . (3.8)

As before, we may freely rescale the fundamental generators T af =
√

Lf

2
T a so that

Tr(T af T
b
f ) = Lfδ

ab , (3.9)

[T af , T
b
f ] = icabcT cf (3.10)

where cabc are the structure constants of SU(N). It is conventional to choose Lf = 1
2

for SU(N).
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3.1 SU(2)

For SU(2), the generators in the defining representation are simply the Pauli spin matrices σa:

σ1 = T 12
+ ,

σ2 = T 12
− ,

σ3 = T 1
D . (3.11)

The Pauli spin matrices are hermitian and traceless, and obey the nice relations

σaσb = δab1l + iεabcσc . (3.12)

From this we deduce

Tr(σaσb) = 2δab , (3.13)

[σa, σb] = 2iεabcσc . (3.14)

Thus, writing T af =
√
Lf/2 σ

a, we see that the structure constants for SU(2) are

cabc =
√

2Lf ε
abc . (3.15)

It is conventional to choose Lf = 1
2

and define Ja = 1
2
σa for SU(2), so that

Tr(JaJ b) = 1
2
δab , (3.16)

[Ja, J b] = iεabcJ c . (3.17)

Thus, if we choose Lf = 2 for SO(3) and Lf = 1
2

for SU(2), the Lie algebras are the same, with
structure constants cabc = εabc.

3.2 SU(3)

For SU(3), the generators in the defining representation are the Gell-Mann matrices λa:

λ1 = T 12
+ λ4 = T 13

+ λ6 = T 23
+

λ2 = T 12
− λ5 = T 13

− λ7 = T 23
−

λ3 = T 1
D λ8 = T 2

D (3.18)

which we recall obey Tr(λaλb) = 2δab. The matrices obey

[λa, λb] = 2ifabcλc (3.19)

where explicit values for fabc may be found, e.g., on p. 517 of ref. [4]. Writing T af =
√
Lf/2 λ

a,
we see that the structure constants for SU(3) are

cabc =
√

2Lf f
abc . (3.20)

Again, it is conventional to choose Lf = 1
2

and define ta = 1
2
λa so that

Tr(tatb) = 1
2
δab , (3.21)

[ta, tb] = ifabctc . (3.22)
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4 Representations

4.1 Defining representation

In the previous sections, we have discussed the defining (or fundamental) representations of
SO(N) and SU(N), which are N ×N matrices U which act on an N -dimensional vector Φ as

Φ′ = U(ω)Φ (4.1)

or in terms of components

Φ′m = U(ω)mnΦn (4.2)

where m, n ∈ {1, · · · , N}. These (special, unitary) matrices can be expressed as

U(ω) = e−iω
aTa

f (4.3)

where T af are the (Hermitian, traceless) generators in the fundamental representation, chosen to
obey

Tr(T af T
b
f ) = Lfδ

ab (4.4)

and ωa are dimG real parameters. For group elements near the identity (that is, infinitesimal
ω), we have

δΦm ≡ Φ′m − Φm = −iωa(T af )mnΦn . (4.5)

Now since the T af are Hermitian, traceless matrices (and, for SO(N), imaginary), it follows that

the commutator i[T af , T
b
f ] is also Hermitian and traceless (and, for SO(N), imaginary), and so can

be expressed as a real linear combination of all of the generators: i[T af , T
b
f ] = ωcT cf . We express

this by writing

[T af , T
b
f ] = icabcT cf (4.6)

for some set of real constants cabc, called structure constants. We describe this by saying that
the generators satisfy a Lie algebra. Note that cabc is manifestly antisymmetric in the first two
indices. If in addition we use eq. (4.4), one finds

cabc = − i

Lf
Tr([T af , T

b
f ]T cf ) (4.7)

from which one easily verifies that the structure constants cabc are antisymmetric in all indices.
As we saw in the previous sections

cabc =

{√
2Lff

abc, for SU(N) and Sp(N)√
Lf

2
fabc, for SO(N)

(4.8)

where fabc = εabc for SO(3), SU(2), and Sp(2), and the Gell-Mann structure constants for SU(3).
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Using the Jacobi identify together with eq. (4.6), one obtains

0 = [[T af , T
b
f ], T df ] + [[T bf , T

d
f ], T af ] + [[T df , T

a
f ], T bf ]

= −
(
cabcccde + cbdcccae + cdacccbe

)
T ef (4.9)

so that the structure constants obey

cabcccde + cbdcccae + cdacccbe = 0 . (4.10)

Now let’s see how the commutator arises through group multiplication. Let ωa1 = εδaa1 and
ωa2 = εδaa2 . Observe that

U−1(ω1)U
−1(ω2)U(ω1)U(ω2) = 1− ε2[T a1f , T

a2
f ] +O(ε3)

= 1− ε2ica1a2aT af +O(ε3) (4.11)

But a product of group elements is another group element

U−1(ω1)U
−1(ω2)U(ω1)U(ω2) = U(ω) = e−iω

aTa
f (4.12)

from which we see that

ωa = ε2ca1a2a +O(ε3) . (4.13)

4.2 Other representations

Lie groups also have other (unitary) representations R, which are r × r matrices DR(ω) (where
r = dimR) that obey the same group multiplication laws as the defining representation

U(ω1)U(ω2) = U(ω3) −→ DR(ω1)DR(ω2) = DR(ω3) (4.14)

These matrices act on an r-dimensional vector V as

V ′ = DR(ω)V (4.15)

or in terms of components

V ′ i = DR(ω)ijV j (4.16)

where i, j ∈ {1, · · · , r}. These (unitary) representations are parametrized as

DR(ω) = e−iω
aTa

R (4.17)

where T aR are the (Hermitian) generators in the R representation. For group elements near the
identity, we have

δV i ≡ V ′ i − V i = −iωa(T aR)ijV j (4.18)
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Repeating the calculation above, we have

D−1R (ω1)D
−1
R (ω2)DR(ω1)DR(ω2) = 1− ε2[T a1R , T

a2
R ] +O(ε3) (4.19)

But using eq. (4.13), we have

D−1R (ω1)D
−1
R (ω2)DR(ω1)DR(ω2) = DR(ω) = 1− iωaT aR +O(ω2)

= 1− iε2ca1a2aT aR +O(ε3) (4.20)

Comparing these two equations, it follows that

[T aR, T
b
R] = icabcT cR (4.21)

with exactly the same structure constants as T af .

Furthermore, if T af are chosen to be orthonormal (up to a constant Lf ), then so will be T aR (cf.
p. 498 of Peskin and Schroeder [5])

Tr(T aRT
b
R) = LRδ

ab (4.22)

but with an index LR that depends on the representation and is some multiple of Lf . Combining
eqs. (4.21) and (4.22), we obtain

cabc = − i

LR
Tr([T aR, T

b
R]T cR) (4.23)

4.3 Adjoint representation

We now define the generators in the adjoint representation by(
T aadj
)de

= icdae . (4.24)

where a, d, e ∈ {1, · · · , dimG}. Note that these are purely imaginary, antisymmetric matrices
(and therefore Hermitian, of course). One verifies using eq. (4.10) and the antisymmetry of cabc

in the first two indices that(
[T aadj, T

b
adj]
)de

= −cdacccbe + cdbcccae = −cabccdce = icabc
(
T cadj
)de

(4.25)

verifying that the matrices (4.24) obey eq. (4.21). The index of the adjoint representation is

Ladjδ
ab = Tr(T aadjT

b
adj) = cacdcbcd . (4.26)

The adjoint representation matrices

Dadj(ω) = e−iω
aTa

adj (4.27)
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act on a dimG-dimensional vector with components φb as

φ′ b = Dadj(ω)bcφc (4.28)

For group elements near the identity, we have

δφb = −iωa(T aadj)bcφc = cbacωaφc (4.29)

Instead of regarding φb as components of a dimG-dimensional vector, we can use them to con-
struct the dimG× dimG hermitian matrix

φ ≡ φaT af (4.30)

We will demonstrate that φ transforms as

φ′ = U(ω)φU−1(ω) (4.31)

Under a infinitesimal group element

φ′ = e−iω
aTa

f φcT cf e
iωbT b

f

= φ− iωaφc[T af , T cf ]

= φ+ ωaφccbacT bf (4.32)

that is

δφ = φ′ − φ = cbacωaφcT bf (4.33)

precisely in agreement with eq. (4.29).

4.4 Representations of SU(2)

In quantum mechanics, we derive the spin-j representation matrices of SU(2) in a basis in which
J3 is diagonal:

(J3)mm
′
= mδmm

′
, m,m′ = j, · · · ,−j (4.34)

The index of the spin−j representation is

Lj = tr(J3J3) =
j(j + 1)(2j + 1)

3
(4.35)

so L1/2 = 1
2
, L1 = 2, L3/2 = 5, L2 = 10, etc. We also have

(J1)2 + (J2)2 + (J3)2 = j(j + 1)1l (4.36)

so that the quadratic Casimir of the spin-j representation is

Cj = 2j(j + 1) (4.37)

that is C1/2 = 3
2
, C1 = 4, C3/2 = 15

2
, C2 = 6, etc.

10



4.5 Complex conjugate representations

Given a representation R with matrices DR(ω), define the conjugate representation R with ma-
trices

DR(ω) = D∗R(ω) (4.38)

which is also a representation since

DR(ω1)DR(ω2) = DR(ω3) =⇒ D∗R(ω1)D
∗
R(ω2) = D∗R(ω3) (4.39)

The generators of the conjugate representation

DR(ω) = e−iω
aTa

R (4.40)

are given by

T a
R

= −(T aR)∗ (4.41)

In general, the representation R is distinct from R, unless it is a real or pseudo-real representation.

If the generators T aR are all imaginary,

(T aR)∗ = −T aR (4.42)

then

T a
R

= T aR =⇒ DR(ω) = DR(ω) (4.43)

and so R is self-conjugate, or real.

If instead

(T aR)∗ = −S−1T aRS (4.44)

for some matrix S, then

T a
R

= S−1T aRS =⇒ DR(ω) = S−1DR(ω)S (4.45)

meaning that R is equivalent (by similarity transformation) to R. In that case, R is called
pseudo-real.

The adjoint representation is always real. The fundamental representation of SO(N) is real. The
fundamental representation of SU(N) is pseudo-real only for N = 2, otherwise neither real nor
pseudo-real.
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5 Quadratic Casimir

The Casimir CR of the representation R is defined as (implied sum over a)

(T aRT
a
R)ij = LfCRδ

ij (5.1)

Combining eqs. (4.22) and (5.1) we obtain

CR =
LR
Lf

dimG

dimR
Cf =

dimG

dimf
Cadj =

Ladj

Lf
(5.2)

The Casimir of the adjoint representation is

LfCadjδ
ab = (T cadjT

c
adj)

ab = cacdcbcd (5.3)

This together with eq. (4.26) is consistent with eq. (5.2). Using eqs. (4.6) and (4.7) we have

cacdcbcd = − i

Lf
Tr([T af , T

c
f ]T df )cbcd =

1

Lf
Tr([T af , [T

b
f , T

d
f ]T df )

=
1

Lf

[
Tr(T af T

b
fT

d
f T

d
f )− Tr(T af T

d
f T

b
fT

d
f )− Tr(T bfT

d
f T

a
f T

d
f ) + Tr(T df T

b
fT

a
f T

d
f )

]
= 2LfCfδ

ab − 2

Lf
Tr(T af T

d
f T

b
fT

d
f ) (5.4)

We will use this below to evaluate Cadj for various groups. Let’s also evaluate

cdaecebfcfcd = −cdcacebfcfed − cdeccebfcfad = −LfCadjc
dcaδbd − cecdcfbecdaf (5.5)

which implies

cdaecebfcfcd = −1
2
LfCadjc

abc (5.6)

Alternatively we have

cdaecebfcfcd = − i

Lf
Tr([T df , T

a
f ]T ef )cebfcfcd = − 1

Lf
Tr([[T ff , T

c
f ], T af ]T ef )cebf

=
i

Lf
Tr([[[T ef , T

b
f ], T cf ], T af ]T ef )

=
i

Lf

[
Tr(ebcae)− Tr(becae)− Tr(cebae) + Tr(cbeae)

− Tr(aebce) + Tr(abece) + Tr(acebe)− Tr(acbee)

]
(5.7)

Consider the tensor product of representations T aR1⊗R2
= T aR1

⊗ 1l+ 1l⊗ T aR2
. The Casimir is then

T aR1⊗R2
T aR1⊗R2

= T aR1
T aR1
⊗ 1l + 2T aR1

⊗ T aR2
+ 1l⊗ T aR2

T aR2
(5.8)

12



If the generators are traceless, we have

tr
(
T aR1⊗R2

T aR1⊗R2

)
= tr

(
T aR1

T aR1

)
dimR2 + dimR1 tr

(
T aR2

T aR2

)
= Lf (CR1 + CR2) dimR1 dimR2 (5.9)

But since T aR1⊗R2
= ⊕iT aRi

we also have

tr
(
T aR1⊗R2

T aR1⊗R2

)
=
∑
i

LfCRi
dimRi (5.10)

Consequently

(CR1 + CR2) dimR1 dimR2 =
∑
i

CRi
dimRi (5.11)
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5.1 SU(N)

For SU(N), we have dim f = N and dimG = N2 − 1, so

Cf =
dimG

dim f
= N − 1

N
, (5.12)

Moreover, the fundamental generators obey eq. (3.7)

(T af )mn(T af )pq = Lf

(
δnpδmq − 1

N
δmnδpq

)
=⇒ Cf = N − 1

N
(5.13)

For P and Q any product of generators, this implies

Tr(PT a) Tr(QT a) = Lf

[
Tr(PQ)− 1

N
Tr(P ) Tr(Q)

]
Tr(PT aQT a) = Lf

[
Tr(P ) Tr(Q)− 1

N
Tr(PQ)

]
(5.14)

Since f ⊗ f̄ = 1⊕ (adj), by eq. (5.11) we have Cadj dimG = 2Cf (dim f)2 = 2N(N2 − 1) hence

Cadj = 2N (5.15)

and

cacdcbcd = LfCadjδ
ab = 2LfNδ

ab (5.16)

Alternatively, we can use eqs. (5.4) and (5.14) to show

cacdcbcd = 2LfCfδ
ab − 2

Lf
Tr(T af T

d
f T

b
fT

d
f ) = 2Lf

(
N − 1

N

)
δab +

2

N
Lfδ

ab = 2LfNδ
ab (5.17)

Since for SU(N), we have cabc =
√

2Lff
abc, this implies

facdf bcd = Nδab (5.18)

Let’s use eqs. (5.7) and (5.14) to evaluate

cdaecebfcfcd = iN

[
Tr(abc)− Tr(cba)

]
= −LfNcabc (5.19)

which is also consistent with eq. (5.6).

14



5.2 SO(N)

For SO(N), we have dimG = N(N − 1)/2 and dim f = N , so

Cf =
dimG

dim f
= 1

2
(N − 1). (5.20)

Generators in the defining represention of SO(N) are hermitian N ×N matrices that satisfy

(T a)T = −T a (5.21)

This also implies that they are imaginary and traceless. They obey eq. (2.11) (see also ref. [6])

(T af )mn(T af )pq =
Lf
2

(δnpδmq − δmpδpq) =⇒ Cf =
N − 1

2
(5.22)

For P and Q any product of generators, this implies

Tr(PT a) Tr(QT a) =
Lf
2

[
Tr(PQ)− Tr(PQT )

]
Tr(PT aQT a) =

Lf
2

[
Tr(P ) Tr(Q)− Tr(PQT )

]
(5.23)

From eq. (5.21), we have

QT = (−1)nQQR (5.24)

where QR denotes the product of generators Q in reverse order, and nQ denotes the number of
factors in Q, so we can recast eq. (5.23) as [7]

Tr(PT a) Tr(QT a) =
Lf
2

[
Tr(PQ)− (−1)nQ Tr(PQR)

]
Tr(PT aQT a) =

Lf
2

[
Tr(P ) Tr(Q)− (−1)nQ Tr(PQR)

]
(5.25)

We can use eqs. (5.4) and (5.25) to show that

cacdcbcd = 2LfCfδ
ab − 2

Lf
Tr(T af T

d
f T

b
fT

d
f ) = 2Lf

(
N − 1

2

)
δab − Lfδab

= Lf (N − 2)δab (5.26)

Since cacdcbcd = LfCadjδ
ab, we have

Cadj = N − 2 (5.27)

Since for SO(N), we have cabc =
√

Lf

2
fabc, this implies

facdf bcd = 2(N − 2)δab (5.28)

Let’s use eqs. (5.7) and (5.25) to evaluate

cdaecebfcfcd =
i

2
(N − 2)

[
Tr(abc)− Tr(cba)

]
= −Lf

N − 2

2
cabc (5.29)

which is also consistent with eq. (5.6).
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5.3 Sp(N)

For Sp(N), with N even, we have dimG = N(N + 1)/2 and dim f = N , so

Cf =
dimG

dim f
= 1

2
(N + 1). (5.30)

Generators in the defining represention of Sp(N) are hermitian N ×N matrices that satisfy

(T a)T = JT aJ (5.31)

where J2 = −1 and JT = −J . This implies that they are traceless. They also obey [6]

(T af )mn(T af )pq =
Lf
2

(δnpδmq − JmpJpq) =⇒ Cf =
N + 1

2
(5.32)

For P and Q any product of generators, this implies

Tr(PT a) Tr(QT a) =
Lf
2

[
Tr(PQ) + Tr(PJQTJ)

]
Tr(PT aQT a) =

Lf
2

[
Tr(P ) Tr(Q)− Tr(PJQTJ)

]
(5.33)

From eq. (5.31), we have

QT = (−1)nQ−1JQRJ (5.34)

so we can recast eq. (5.33) as [7]

Tr(PT a) Tr(QT a) =
Lf
2

[
Tr(PQ)− (−1)nQ Tr(PQR)

]
Tr(PT aQT a) =

Lf
2

[
Tr(P ) Tr(Q) + (−1)nQ Tr(PQR)

]
(5.35)

We can use eqs. (5.4) and (5.35) to show that

cacdcbcd = 2LfCfδ
ab − 2

Lf
Tr(T af T

d
f T

b
fT

d
f ) = 2Lf

(
N + 1

2

)
δab + Lfδ

ab

= Lf (N + 2)δab (5.36)

Since cacdcbcd = LfCadjδ
ab, we have

Cadj = N + 2 (5.37)

Since for Sp(N), we have cabc =
√

2Lff
abc, this implies

facdf bcd = 1
2
(N + 2)δab (5.38)

Let’s use eqs. (5.7) and (5.35) to evaluate

cdaecebfcfcd =
i

2
(N + 2)

[
Tr(abc)− Tr(cba)

]
= −Lf

N + 2

2
cabc (5.39)

which is also consistent with eq. (5.6).
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