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Time evolution of a square wave in a box,
Consider a particle of mass m in a one-dimensional box,

_jo, O<z<l
Vel)= {oo, otherwise

Suppose the wave-function of the particle at t =0 is given by

L Oxeal
=+« VL’
W) { 0, otherwise

(Note: although this wavefunction is not continuous; you may consider it-as a limiting case of a wavefunction
that goes very quickly from 0 to 1/v/L at the edges of the box.)

(a) If the energy of this particle were measured, what is the probability that you would obtain the ground
state energy? What is the probability that you would obtain the first excited state energy?

(b) If the energy of the particle were not measured, compute ¥(z,t), the wave-function of the particle at
time .
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Time evolution of a free Gaussian wavepacket.
(a) Consider a free particle, whose energy is given by B, = p?/2m + V4 (with V4 constant), and whose initial
state at t = 0 is a Gaussian distribution in momentum space:

1/4
#(p,0) = (?_ﬂ.) o~ Bp=po)’

T

Show that the position-space wavefunction at time ¢ is given by

983\ 1/4 1 1/2
— | 2= C+iD
0= (2)" (k) "

where A, B, C, and D are real expressions that you need to find.

[Hints: shift the variable of integration to ¢ = p— pg before doing the integral. To deal with an expression of
the form 1/(z + {y) in the exponent, multiply the exponent by (x — iy)/(z — iy). Don’t spend a lot of time
simplifying D since it should drop out in the next step.]

(b) Show that the probability density of this wavefunction is

e = (i) oo (-2

and determine the form of the real function f(t).

(c) Find (p), Ap, (), and Az at time ¢. (In particular, show that Az = f(¢).) Since f(t) is monotonically
increasing with ¢, your solution describes a Gaussian in position space that is moving at constant speed, and
spreading out as time goes on.

(d) Verify that the uncertainty principle holds for all values of ¢.
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