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Commutators,

(a) Compute [X, P"] for arbitrary positive integer n.

(Hint: first show that (A, B?] = Y% B™[4, B]B" ™1, a generalization of an identity you proved earlier.)
(b) Compute [X™, P] for arbitrary positive integer 7.

(c) Show that [V(X), P] = ih(dV/dX).

(Hint: use the Taylor expansion of V(z) together with result in part (b).)



Operator approach to the harmonic oscillator. There is a very elegant way to solve the harmonic oscil-
lator using the operator approach (introduced, of course, by Dirac), related to the approach we have already
used for spin angular momentum. This problem will guide you through this approach. The Hamiltonian is

1 1
= P2y Cmu? X2,
H 5 +2mw

where w is the natural angular frequency of the harmonic oscillator.

[mw i

Note that a is not hermitian. Using [X, P] = 4h, calculate the commutator [a,al].

(b) Define N = ala. Show that N = (H/hw) — 3.

(c) Calculate [N, a] and [N, a!]. (Use the commutator identities you proved in a previous problem set.)

(d) Let |A\) be eigenstates of N with eigenvalues . (Since N is hermitian, the eigenvalues are real numbers:)
Using the results of (c), show that a and a! act as lowering and raising operators respectively on |A).

(e) Show that A > 0. To do so, evaluate the expectation value of N for the state |\), and rewrite this as the
norm of another state.

(f) Since A is bounded below, there must be an eigenstate with minimal value of X which cannot be lowered:
@|Amin) = 0. (If the right hand side were not zero, it would be a state with eigenvalue Amin — 1, which is
impossible.) Show that this equation implies that Amin = 0.

(g) The other possible values of A are positive integers, obtained by acting on [Awmi) with raising operators.
(Convince yourself that non-integer values of A are unacceptable, by acting repeatedly on such states with
lowering operators.) Therefore, we relabel the eigenstates as |n) where N|n) = n|n) for any non-negative
integer n. Using the result of part (b), what is the energy of the state |n)?

(h) Define a|n) = c(n)|n—1) and al|n) = d(n)|n +1). You may assume that the eigenstates are normalized.
Compute ¢(n) and d(n). (You may take them to be positive real numbers,)

(i) The eigenstate |n) can be expressed by acting repeatedly on the ground state with the raising operator

(a) Begin by defining the operator

In) = Cat)™0).

Compute the value of the constant C.



