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7. VARIATIONAL NOTATION Mary Beas 2e, p Yo z= 

The symbol 6 was used in the early days of the development of the calculus of 
variations to indicate what we have called differentiation with respect to the parameter 
¬. It is just like the symbol d in a differential except that it warns you that ¬ and not x 
is the differentiation variable. The 5 notation is not used much any more in mathemat- 
ics, but you will find it in applications and so should understand its meaning. The 
quantity OJ is just the differential 

<dl 
ól == = de de, 

where d//de is evaluated for e = 0. The 8symbol ö (read <the variation of =) is also 
treated as a differential operator acting.on F, y, and y=; we shall define dy, dy9, and ÔF 
in terms of our previous notation. We had in Section 2: . 

a Ya, ¬) = y(#) + ento) 
Ys, = ya) + ena). 

Ps 

Then the meaning of dy is | ._ 

° oY 
(7.2) by = (=) de = n(x) de; 

. . de e=0 . . 

this is just like a differential dY if ¬ is the variable. The meaning of dy9 is 

oY9 
(7.3) öy = E. de = 1 (x) de. 

This is identical with 

d d , 
(7.4) 4 (dy) = = [n(x) de] = n(x) de 

dx dx ; 

since x and ¬ are independent variables; in other words, d and 6 commute. The 

meaning of 5F is | 

OF OF 
(7.5) = 

this is just a total differential dF = (0F/00).-o de of the function F[x, Y(x, ¬), Y'(x, ¬)] 

at ¬ = 0 with e considered the only variable. Then the variation in J is 

x2 x2 

51-5 | Pasa | OF dx 
*1 1 

#2 (GF OF 
(7.6) = [ E Y + ay) de 

x1 

(7? | OF OF | 
= 4 n(x) de + 4 n(x) de| dx. 

[ E dy 
If you compare (7.6) with (2.13), you find that the following two statements about 

I= | F(x, y, y') dx mean the same thing: 

(a) J is stationary; that is, d//de = 0 at e = 0 as in (2.13). 
(b) The variation of J is zero; that is, 07 = 0 as in (7.6).
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