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Infinite line of coupled oscillators (Kenyon exam)
Pdf file generated on March 23, 2017 by Steve Naculich.

Consider a row of infinitely many identical pendula, spaced a distance d apart. Each pendulum
is coupled to its neighbor by springs of constant k. The Lagrangian for small oscillations is given
by

L=1iml? ("'+éi—1+éi+9'72t+1+"')
—gmgL (- + 00+ OO )
— BRL2 (- + (Bnot — 0) + (6 — Ona)? + ) (1)

Euler-lagrange equations take the form
b, + 26 +— (26, -4 —Bpt1) =0 (2)
n [ ™ n n—1 n+1

Consider normal mode solutions 8,(t) = ¢** f,,. This gives rise to the eigenvalue equation
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Define the translation operator

01000
00100

T=|00010 (4)
00001
00000

and observe that ' and M commute. This reflects the invariance of the Lagrangian under
translations by a. Commuting matrices can be simultaneously diagonalized, so let’s consider the
eigenvalue equation Tv = Av which is equivalent to fu11 = Afy, so that f, = A" fy for complex
A. If we want the oscillations to be small then |A| = 1 i.e. A = e**. The eigenvalue equation for
M then implies

s 9 2k Kk

_ 9 2%k ko o —ie_ 9 2k
W =T 42 2 ) = L+ (1 - cosg) (5)

If the chain is periodic with period N then ¢ = 2mm/N, but otherwise ¢ is completely arbitrary.
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FIG. 1: A line of infinitely many, identical, coupled pendula. #x(_@' —-—1[0 +0 + )
g 1 =7, -

Consider a row of infinitely many identical pendula, spaced a distance d apart. Fach pendulum

is coupled o its neighbors by springs of constant k¥ as shown in Fig. 1. [ 2 wo"' 4+ C

a) Show that, for small oscillations, the Lagrangian for this system is given by
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b) Describe the Symmetry of the above system and use it to argue that the eigenvectors of the

above systemn must be of the form

0
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where A = ¢ k ﬂ/(ad) CLF{ _«,,_} 1 1Ly {93
- 1 4:%_::\_:_
[/ @fh) Show that the a,Ilowed greque?cws of this system are given by
f\‘./\
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Bo— " w= \/% + %(1 — cos(kd)) (6)
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d) Sketch the normal modes for a =1 and o = 2.




