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35. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
' AND d FUNCTIONS

g J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —4/8/15. Notatlon: M M
—
‘ —
112x1/2 +1 — - R = 1 M2
= - COS 3 :
[z +12] 1 0 1 V47r 2x1/2 w52 |52 an my my | Coefficients
R AR (12 R |1 3 o b2er ] 1lee 43 o '
-2 _+102 |12 12 |-1 Y= —y/ == sing e’ +2-12 |15 45| 52 3R .
[-12 —12 | 1 8 1412 | 45 <105 {+12 +12
o 5 (3 25 1) -2 | 25 | 62 ae
= - | — COS§ - = — - -
1x12 [ 2 = \2 3 0+ | 35 25 |- -2
132 [ a3 R o-12 | 3 25|82 an
[Fem] i} +ie Vi = — /B Gn6cosdeit -1+ | 25 -5 -3 -3
2 g SnUcosTe 2 1-12 | 45 5| 52
- T -1 = )
SRR BN , I2x12 Voo [2wr | 1o -an |22
v2=1/1 2 g2id |32+ 1]+ +1 EREFINE
0-121 28 B[ 32 ] ¥2° = z4/5_smbe
: -1 +12 | 13 -23 |-3n 4 +32 -2 e ;| 2 14
o1 [3 EECIEE +12 412 v -1 o o
a3 E= 32x1 | 0 AR
2] ez 42 [z w1 1|va2 +32 R
+2 013 23 3 1 +32 ol 25 a5 852 32 12 -2 -2 (34 4| 2
R B +1 1+ 12 1] 38 25 [+12  +12 412 ~32_+12 | 1/4 -34 |-2
+2 14115 13 35 +32 —1|710 25 1R [caz =2 |1
1x1 | 2 J+1 ofans s -0 [ 3T 2 1 +12 0|l ¥ s -Bls2 3w 1n
21 2 o225 -2 0| 0o o o 12 +11310 -85 18 |-12 -1 -1
[ +1] 1] +4 +1] ° +1-115 12310 +2 -1(30 5 16
+1 0f1r 2] 2 1 o oofs o-25] 3 2 ¢ -2 0| &5 -115 18 | 52 32
o+je -12] 0 0 o -1+ 2 o | -1 —1 4 -2 +1l1m0 25 12 far -3p
H-Als 12 0-1 25 12 110 1”2 1|35 25 | &2
0 023 0-18 1 -1 olens -15 -310 { 3 2 -32 0 25 -35 |52
1| -2 -1 1] 2+1[115 -8 35| -2 -2 ETEINE
ol 2|2 “1-1ln w3
Y™ = (-1 | ofie -2 |2 . 2 0|1 28 |3 (jujamima|jijeJM) :
-1 - 7/ ) 2 - P A o
- , -1 bo= TSR img  [-2-1] 1 = (-1)7 1752 (jy51mamy |21 JM)
; o . 3 ,
di, = (-1)m m! 13 ,=dJ , 3/2x3/2 R 1 1/2 1 1+ cosd
, —m,— 3 2 dg5o=cosd d = cos = diq, = ———
m!m m,m m,—m s | 1]+  +2 . o0 1/2,1/2 D) 1,1 )
2x32 |12 s 24l w3 2 a2 g g _sind
Fzm] ilhse +an 12 432 |12 ~12 | +1 1 41 1/2,~1/2 = 803 w="5
32 12 |15 12 310
Y212\ 37 AT\ T2 52 32 R +2 |¥5 0 -25 [ 3 2 1 0 1 1—cosf
432 | 47 -37 |32 432 4372 —12_+32 (15 -1 310 0 0 0 © dy_y = 2
+2-12 | 17 18085 205 - ;
- wtve | ar ims a5 T2 s a2 | [y Ta2 2 M _iee i
2x2 {4 O+32 | 27 1836 15| +1R2 +12 +1R2 +12 12 +12 |20 -4 -i20 W[ 3 2 1
22 1] +3 +3] - © 232 Jms g5 o 25 a2 432 120 14 o0 -4 | -1 -1 -
+1 ~1/2 {12135 5114 0 -310 +12 ~32 | 15 12 .3M10
ol wels 302 o+ 1635 =335 15 15 | 72 w2 2 12| | ve | e o e 5
+1 4 ; - 3‘;‘14 1; 2; —1 432 | 435 -27/70 25 —1110 |-12 1R —12 -1R 32 +12 | 15 -2 310 | -2 2| .
+ +1 =32 | 485 270 25 110 T
+H o+ 47 0-37 4 3 2 1 0 —12 {1835 335 —15 —1/5 _;g _?g }Z _]g _g
0 #2134 -2 27 | +1  +1 +1  +1 -4 +2 285 514 0 310 |72 52 am :
22 1|14 @10 % 6 -2 +32 | 135 635 25 —25 |32 -3 -3p Far -3 | 1
+1 0 37 15 -114 -3/10 0 32 [ 27 1835 15
0+ |37 ~15 —114 " 10 4 3 2 1 0 - 2435 —
1 +2 1144 —310 37 15 0 0 0 o0 0 _; JZ :,’;_12,'255 32 _;’é _%
' +2. -2 | 170 110 27 25 15 “A-an] 47 ar e
+1 -1 | 836 25 114 -1110 —1/5' 2 AR
0 0 {1835 0-27 0 15 2-Ve )| ST AT bR
-1+ | &35 -25 M4 10 15| 4 3 2 1 —2-32| 1
432 _ldcosd @ -2 42 | 170 ~110- 27 25 5| -1 -1 -1
3/23/2 = T 5 %3 + 20114 10 a7 B
‘ 2 0 1| 37 15 —114 310
@2 o plteosd 0 g2 o (li.c_os_o) ~1 0|37 15 -4 w0 | 4 3 2
3/2,1/2 2 2 ' 2 -2 #1114 <310 37 -5 f 2 -2 -2
3/2 l—cosfd 4 3 _ _14cosé ; 0 2|34 12 2
d3§2,—1/2= Sy sy dp= g —sind R A O
14 cos 8 -2 Oy —12 a7 | -3 -3
d3/2 __1_c°sesinﬂ d2. = \/_6 sin2 @ a3, = —+——(2c050-—1) -1 2l w4
3/2,-3/2 = 2 2 2077 ' 2 -2 1|12 -1 |-4|
3cosd—1 @ 1~cosé , 3 . -2 =2 1
d;’ﬁ,l/z =053 d%’_l =—— sin @ d%,o = —\/; sin@ cosf . |
3/2 _ Bcosf+1 . 8 9 1—cosfy2 2 1—cosé 2 (3 o, 1 '
d1/2'_1/2_———~7— 5 d2,_2= (—2———-) dl,_1=—2-—(2cos«9+1) g = (-2- cos 9—5) A

Figure 35.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957), -
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL. .



Q . l>® (i en J
po D) @lpn 1) = (pr 1) 6Pt

’;)@,0/{\’0 ‘&(bdﬁfdu ,}?ﬁm




=% e ;;d%
2 D*@m:(}r}%w(fém i

"
fﬂﬂ(ﬁ’\ﬁ"‘”v ,9 3 w%i@‘ *‘2?‘ g?éw Peleq < A

(ﬁ%j @fﬂ‘é @> & Ly méw i

(pa DB Upa 1) O Upadd

2 » 2% z(:f.a/@w 1) (pest s 1D

n
S e

e

8’ S\H'\L‘“ (g’f,m z\@(ff\m % @(Jgﬂ‘\%‘)ﬁ\
"%’} /NT e

t

R4

o

+

U
>

Bl e D By o
o ¢MMM@%{U“Hw%ﬂ?“”%Tw**“ H1)
= m (Y WL 8

foone @y Parhefos
g bhsem ’Q’\C@é@ & (B P




Ao

N6, Nesa o He ot P u«}y/xﬁﬁ[}
J/Vvﬂ\uf gt AL u,wf(ff\ /d/*‘-fv~aﬂ»—9f ? Wéﬁ v /0 crho b

=D Can 1F W 3 ot el 7£Mw"”““ i Sewt ym‘/é S
C fode

6,,,Wz4'3~/z4‘u¢ '3/’/6 = ppn @“M‘”g{% Po phnedlance )

Ao 2 pPOIT i

/sl ¢ ,Jfg'&- ﬁ/'\fg }?wﬁveﬁ; fe 1%
y.,ﬁ%&/

et Y N R
/{iLA"f’(Z,‘>A$” T (f }"}7 }° ff>‘/’¢?
ety I )

Cﬂ(’/(n\jé‘/ #&M- Mé" N j Z /ﬁ/~ /ﬂf»q'/rvxr }}ﬁm\) W\MJ!‘ ﬂéa( @A;f/\ flﬁf&f&ﬂj.]

D(@w I\ WAL dj\‘g,‘é‘ PR ¢
60 l’\'wilulw ~

— 1O

&9}( (‘\‘ S /\M>

privw > 24Ty
~ P = .;2'7[)}«,\)



PHYSICS 280 Problem Set § Due: Monday, February 11, 2013

1. Suppose you had two spin-2 particles, each in a state with J, = 0. Assume that the orbital angular
momentum of the system is zero. If you measured the total angular momentum of this system, what possible
values could you get, and what is the probability of obtaining each value. [Check that they add up to 1]

" 2. Suppose you had a spin-3 particle and a spin-2 particle. Assume that the total spin of the composite system

is g and its z-component is —»%. Assume also that thé orbital angular momentum of the system is zero. If
you measured the z-component of the spin-2 particle, what possible values could you get, and what is the

probability of obtaining each value? [Check that they add up to 1.

3. (a) Consider four spin-; particles. Write down the decomposition of the product space
2020202="07107070747

What are the possible values of the total spin J, and how many times does each value occur?

(b) For each of the six representations found in part (a), write the expression for the J, = 0 state |7,0)
in terms of a linear combination of direct product states (e.g. T, etc.). You should use partialresults
derived in class for this. Your states |5, 0) should be correctly normalized. (They should also be orthogonal
to one another.)

(c) Which of the representations above corresponds to the ground state of helium-47? Why?

4. Consider three (massive) spin-1 particles. What are the possible values of the total spin of the system
(assuming no relative orbital angular momentum), and how. many times does each value appear in the
decomposition? Show that the total number of states in the decomposition is equal to the total number of

product states. -

My question is directed o Professor Zimmerman. ..
If it's True that you falt Professor Ditfars Theory
and subseguent paper was Totally .unsubstantiated ancl
perhaps even vindictive, whydid you'rot Simply ask to B
review his datg as oppased 1o pulfing his cat inf
the super collider ?

S

For The New Yark Times © 1998 FarWorks, Inc.; The Far Side ®

Science Meets Tabloid TV
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