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WMM M Probability current represents probability flowing out of or into a region. Conservation
of probability then requires that the probability density P(x,t) = "1 increase or decrease correspondingly.
This is expressed mathematically by the continuity equation:

alr  ar

5

Prove this equation by using the fact that 4 obeys the time-dependent Schrodinger equation. (Hint: take the
complex conjugate of the time-dependent Schridinger equation, and use the fact that the potential energy

is a real function.)
R A ap*
=5 [+ (a) - (50

a1 k[, {8 o\ [ oy A\ [y &2
5 ¥ (5 (5) (o) - (55) (32) - (59 )]
_ B . azw azwt
= g [Y (ﬁ“(‘aﬁ)“’]

Next recall that the time-dependent Schrodinger equation takes the form

Uéing

we find that

) h? 8%
jh—— — LT x
ot 2m Hx? FV)y

The complex conjugate of this equation is

) _61,/)* - ﬁ2 621/)* .
~h A = Tom aar V@Y

where we use the fact that the potential energy is a real function: V{z)* = V{x}.

Then o (3?/) oy
o Vata?
1 [ Koy 1 B §2p*
~ i [—%W”@W’] "'_—m[ am g | V@ W’]
G R A

- __%.,p dx? Qmi dx? ¥

Combining these two calculations we see that

aJ L or aP
dx | 9t

25




Erde garsn %

VSN ?!%

- H\r,\r,f,,u,.f‘ 5 e {,}’:5 o A ‘TC /LL%? ;{, /famf?cj
P v

§ o~ LB kS (s‘;f%m et
!»;» fo ST ido ptush e
WA el

Chovs Wt R+ 7=

T (mp
Cpe po” (17 7




et ﬂ‘;fi"

T p
@ Coarprt- boh e pg b g Ay Ton e
j[j»-L{,Am,f /B <\




Ko

S e S o (‘ .-qufm., ~’f"/ﬁm VL?
. F i 7"”1 ‘P M ﬂé N
S Y

s u& [ ﬁw{’f Bt a.??,a .

o R - ( [f&«f - .\‘)n = (g—i)ﬁm !

@'\’j&, m@n?’lr" (ML)'{Q/"(——QIM},-' MJ—«. |j‘ 4 l‘ﬂ&fé/_
s — o ﬁ ;
P /

M/AM? 7 %y{g By -

& /\-‘!ﬁ;, . ‘}'h M«t}_.&h- - |

— /\)—&b"\ vf ,%7'&45‘52 o L-t»{?f n,g,,/;% Catartoes: :M@)

— E OC/‘S(\. c,n/({%y ;),fmf %miimm
T wh X720 -t




~

| T Bosg et vm,efwg A=

A
@ /\//&!cﬂ@—\ ;L&waa{ /? Fiax: ymm‘f\ b, >0 h
/ TR P f‘# 5

(fe v emes g all et ,Jffffifw‘} _-Ng_/&

W
¥ Vi-o l’\M Gf'\ fe'{fcc‘?h.—.

,La ,ﬂ«g/“ st et rn‘[ﬁ‘/fﬁ:c’& /\_/\b P

( h" —n P/\ W VALK

rﬂ-l,

Y .,e»ca%—

paflichn 1ecing wdy i checgt prieetind

LS gfe~ AN ,,mi,;/w/f fan'\ﬂ/«( f/z,n"?"f—

@voé}h st f’f»’i o b & Lo

. évh

Fsn Mﬂcrbruacm., e[e*”é}{*“ff

M.-- &ﬁwlc J‘Wl“f{ ‘f"“"f/ Py dﬂ 0@25( e &
¢ et y e Sudde

M = 7 »f/-“m-\




€ .«-‘3 e

ety

o e 'i:“”ﬁ
Wﬁ/ @ i A
o (et

oo 1S M/fﬁ/”/'w

o O ejM/wM

- | _ D
) relde . T e

/’zg/\)’"
Ca& Y= Ce
LK

Afomn, (,Lﬁ..(’f‘ W O € T

',A,xém 'r
%"’!_.GMJ‘&’-"‘.“G ' 1 M !

7""‘\“'@”‘ \f"i;/\g\é* I P f:: w43 [ AN ))f\ ? AR { ?\1 i £

E'F)ﬂ 2éen ’fé/v*f )(f‘\ fup et ‘:}




Fab 'H\V‘;’ “%% é” A LA A

L&Q’ Toa 6)

(’\Jt}fif\e s o // g\é/} /’i’,ﬂﬁf’ - /\,{"if’f L,
bl Ch Afv% et peb 477 %ﬁ&- f%%

C’////J«Gt.cf,{/)% %—l@ /OM

@ (AR oo fi-d [ ?‘“‘#éﬁ st [‘}é;} ) #*« l‘: gt ’f’v‘ f.df{s\m-« 94(#} o ‘ﬂeff»
v ‘7‘!/*{}..“‘4, e e Cy,\ﬂwxl% J:ﬂ\&,»ﬁg )

Kl %ﬁ. /gd\/%g( 1&.—. ,r\,ﬁ?}ffx{rh

/ﬂwﬂ

ffet o :,If«é

——




2#\?*;3 k" é;ﬁ
New - """"%‘"“ ) ” ’
TN
TR Tt

) 2
- " -
e 7




sy
gl

i
e o s R
; S
3

| Toe
, .gﬁi /f‘f;«,,}@ _,‘}gﬁw . {l R
L f}’\wﬁ /ﬂ”\.ﬁ\ o £ (F‘% |




e e T T /;/ J\i\t T

BE e H}/ﬁ\ﬁ”"#”*?{i//zfé{:? f f

-]
-
o




.hﬁ.mma.l\ng %ran3k & Sauare Lserit (QLDMTF {!?

Mo ) __\k w\’.
\ m=hets o Be™ ey
| NP .
u, = Ce -
—4 ! g v + De N = .%(4‘%3
@ ® @ Uy = F{/(kﬁ

Qikh 2 = Q\:-\‘ Ny Ceo + L\L'J\3D€-
i ¥ rea
Y-S -
= - De = e
Wk}} “fonzd ce b ~a thea
NCe =2 De =k Fe
s
&)\‘(@ ’Z%Ce}\ = 6\4_\\,_\)? 'C.!L
2
CQ‘%’(” b (T T ¢
LS e
Qe R _ana s Qs E o+ (e Y Q’ZM\ b F
. akhe T L\C,L’ e ORI -
Tdea | ~The (}\‘u\&.-l\k‘r\{

‘Mt)\ PRIV
_ (AR & sk (aned + ok et

O
L[ b (N ¢ [5G L\(zm]







g 131y wr
passmstp 5q [pM pigm ‘Srdourd uogsnpxae ey s Aq Paqimsap i suonep Jo Amdord sy,

ur vantm aq dewa jusuodxs 3z Jel 338 am ‘AreNusprouy "aoua1agyTp a8re] e oyew
ued shy; ‘qusuedxe s vt sreadde g sours pue “A[[en0] PPoY o1mdaps a1 aBuep
UPFYM ‘308BJIMS Te3atur oy} uf suopdajraduy soeyms axe a1ay) 1o st ‘a[pirey 0) Iprey
Yoru “paag3a IS0 3y, '98reyd sdewr aip Lq pasnes “a1e1d a1y 03 ypeq UOKPER a3
§O uonpeniE [eUORIPPE Y3 sT ‘papnidur ATises sY yorym ooys auQ) ‘Apaneenb
Ao uorssnuma yy seqLSEp ‘payTEd ST (Gh-G) SE “BINNILIOY WIBTPION-IA[MO] ST,

(SF-S) ﬁpu\EE\@Tm = I
.nmw -~ 0) spes] st
T/4E
= X5 + X
gy o v |
|auIg
&9 2l — pwzpaiz? = oI

DIV SJUSIHJI0D UOISSTUNSITE )
BUL 'S[2A3] JO B35, 21 JO do} a1 YR ST WoXI[ 3U3 JT “(46-S “SLl) (xg9 — MIotm
woly wonddpe we Aq ueds fenusiod sy seuEp ppey [eulape al[3 9SNEDAG SAD0
uOISSp? plod "3 PRY dMmds[e [ewsape e Jo uopedsydde ayy Aq pasows aq ose
wes Ay, wayy Suneay £q 10 ‘sucroyd Lg seyye “weyy 03 31eus Surrysuen Aq
P3AOWL 39 ULd SUOIAYY “}3j@ AndefEojoyd ) |im UoRdswuod Uy passnosTp
uonounf yuom Ay st 31 0o wondsp ue Sunq o) pannbax SI JeyM ST [lam 31 Jo
doy a1y pue £819us nursg 2y usamiaq SIUBIIPIIP Y[ [[PUHS ST BUINU oY) ‘armnye
~1aduIa) WOOI 8 UaAD Jnq ‘SPAS] 1YY 03 parmxe A[reuniay) are swonpspa may v
‘019z 3ynjosqe aaoqe 1 amnyesadst A UM PN 31e “(SU0IRS[d 3213 Jo Ajrsusp
2y wo spuadap yonqm) A8saus ruiag agy payres ‘“Aeus ureyran e 03 do sppas] a1 e
Tesdur 3 Jo ayeys A313UB 3530 Sup 10 SNy ‘As] ASmUe uaard Lue Adnodo iren
UIBU3 JO 0M} UEY3 BIOUX OU 381} SUOHI2D JO Ayradord e st 3f apim L1aa ST X0q ayy
20UIs ‘9sudp LI24 BIe Jey) spas] 431U ur dn paes ATenioe are suoxders oy

‘P12g 513012
[EUIR1Y3 U Aq paiife renumied (9) "TONOUNY JIOM 33 ST A pue A1
U9 U1 211 ST 9 'Te1atd Ul spaAay A1 WO (v) *¢-¢ amTry

(] ®)

xga- M

£8 B ¢zm20zmmﬂ.ww NI3: [

IR N il

L 1uspnge0s uomssnursuen iy arenbs Apyeunxordde AJuo jjm ppm aq Sugnop 3ey] ory
A} woyy wEas aq ues se aed fepusucdxe preyodur ysouw 3] 10] 1331102 A[UO ST JUAUL3|E]S ST 1z

w65 "B U1 umoys se “ydap ayruy Jo xoq e 4q paqudsap aq Aewr voneumxordde
18T 0} “PPRM “fenusiod e 4q Tetr e ur pRY are suomdeye ssayy ‘T sdeyy ur
328332 213312030 S JO UOISSAISIP INO UT PAjOU Sy TRIBUI € U SHOLIS]S I8pIsuory

HOISSINIET PIOD

nod snp je sojdimexa [exaass ssnastp am pue ‘sorsdyd
Teapnu pue SRooje W uowwod amb s1 Susmmy apnred Jo wouswousyd sqy,

VNIHWONTHL ONITANNOL

“Teax st y001 axenbs a3 yomym it worBaz oy Ao wonerdeiur sy Wim

(E7-G) 13 = eleuup -2 = L]

;um 03 woneurrxoxdde ey v
Tms st a1 ‘sasodimd 350w 10, “syurod Sunuing oy reau roaeiyaq o Jo UCISSNOS[P B
sapapour wonewaxordde gyypm s Susn “qusunean sedord v -uopewrcordde 1ood
€ 5T (0}-C) urede 213 pue ‘moLTeu a1e Ispe] s Ji s[qrssod A[uo st sauo arenbs
JO >PEIs B £q TaTaTeq paAInd ¥ jo uoneuwrxordde iy ss1mIaylo awms 30 worpuny
Burdres dmors v sq (x)4 ey yregrodioy ospe st g *(6g-G) 03 wonrwrxordde pood e
10U SI (0%-G) 21213 aws ‘fenba Afresu are renusiod pue £3reus ayp ateym |, sprod
Burumy,, ays reau sjemode jses| st vonewmoidde ayy jey uomssadxe a1 wroyy
Te3p sI 3] “Uee] SeM SISLLEq moLreu Appruur jo yru e dags 1sef oy U Iayireq
Jerp 10§ > Jo anfea sSeleaw auy (7} pue Y3pim ) St xy ‘stapreq renred augy uy

Jarueg

[7 — (AN DA B % Ze

rv L=
sIalteq
egaed

=il

Apreurxordde ‘oyam
Ko am “uaaa sfqeqordun quapuadepur we st ad1s yoes y8noxny; vossnusren
A3 “PRIIBYRL XTI AN JO JSOUX YIIM. “J09JF3 uT) [rews a1e Aaygy uoym Aagesdyma

{Z¥-5)

LLIe

N_Hmtmuh_ i

sItreq [enuaoed arenbs Jo wornsod
-epxnl e Aq r1req moows jo nonewrxerddy ¥-¢ 3RSy

STVIINAELO TVNOISNEWIG-NO ¢ HILIVHD

3
o0



PROBLEM 25: Consider an electron in a metal which has work function ¢. The work function is defined
as the minimum energy required for an electron to escape from the surface of the metal. If a strong electric
field is applied, however, the electron may be able to escape through a process called “cold emission”. This
is a quantum mechanical process whereby the electron tunnels through the potential barrier.

Let the ﬁoterﬂ;ial energy of the electron be given by V{z) = ep + (I - %) ¢, where x = 0 denotes the surface
of the metal, and €p is the Fermi energy (the energy of the highest energy electron).

(a) What is the magnitude of the electric field to which this potential energy corresponds?
(b) Compute the tunneling factor v for an electron with energy ep to tunnel from z =0 to z = L.

' .f'-(c)_Co_mpare your result with the tunneling factor for the same electron through a square barrier of width L
and constant height Vo = ep + ¢ (and therefore no electric fieid).

: - {a) The ?d;ent_ial energy of the electron is V(z) = ep + (1 — £) ¢, so the force on the electron is

dv ¢

s : '.:_a,nd :tl_.l_erefo_ff_:. thé élect;ric field is P 5
e S S et _ %
(—e) el

‘where 'e is the.' (.Ih..a,gnit.ude of the) charge on an electron. The magnitude of the electric fields is ¢/(eL).

. (b) The tunnehng factor is

g\/QmEL
3 h )

G

ERI = \/ T QL\/ 3/2 _
i h / d:r: 2m(V(3:) / z ( | L) =
- (c) T_he :'_tunr_xe_ling f_actqr through a square barrier of width L and constant height Vp = er + ¢ is

L
- -;—f dz\/2me = —"T‘f’L.
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